Modelling regional economic dynamics: spatial
dependence, spatial heterogeneity and nonlinearities
Roberto Basile∗

Román Mínguez†

Jose María Montero‡

Jesús Mur§

July 11, 2013
Abstract
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Introduction

Spatial dependence and spatial heterogeneity are two characteristics of spatial data that need
to be taken into account when modelling spatial economic dynamics. This is a mantra insistently repeated since the influential textbook of Anselin (1988). Spatial dependence reflects a
situation where values observed at one location or region depend on the values of neighbouring
observations at nearby locations (LeSage and Pace, 2009); spatial heterogeneity points to the
lack of spatial stability of the relationships under study (functional forms and parameters vary
with location and are not homogeneous throughout the data set) (Fotheringham, Brunsdon, and
Charlton, 2002). By far, spatial dependence has been the main attractor and concentrates the
most singular results in the literature of spatial econometrics, although there remain important
problems to be solved. Spatial heterogeneity, on the contrary, has attracted more attention in the
realm of theoretical spatial economics than in the field of econometric modelling.
When it comes to the point of building spatial econometric models, it is necessary to consider
a specific form of (spatial) heterogeneity which characterises spatial data analysis, that is nonlinearity. This is not a point of consensus in the literature on spatial econometrics, where linearity
clearly dominates. The premise is that a linear structure, possibly coupled with some previous
functional transformation of the variables warrants enough flexibility to account for the complexity of spatial data formation. However, there is growing evidence, coming from different fields,
showing that this is a quite optimistic view. Strong nonlinearities have been detected in studies
on regional growth (Arbia and Paelinck, 2003; Azomahou, Ouardighi, Nguyen-Van, and Pham,
2011; Basile and Gress, 2005; Basile, 2008, 2009; Basile, Capello, and Caragliu, 2012; Ertur
and Gallo, 2009; Fotopoulos, 2012), urban agglomeration economies (Basile, Donati, and Pittiglio, 2013), urban environment (Chasco Yrigoyen and Le Gallo, 2011), land prices (McMillen,
1996), urban sprawl (Brueckner, 2000; Brueckner, Mills, and Kremer, 2001; Irwin and Bockstael, 2007), social interaction (Lee, Liu, and Lin, 2010) and house prices (Bourassa, Cantoni,
and Hoesli, 2010; Kim and Bhattacharya, 2009; Goodman and Thibodeau, 2003).
The dominant parametric approach in spatial econometrics is not well equipped to deal simultaneously with the three topics (spatial dependence, spatial heterogeneity and nonlinearities).
They have been approached separately and only recently there have been attempts to mix some
of them. This is the case of Lambert, Xu, and Florax (2013), which combine spatial dependence and nonlinerity in a STAR model, or the case of the Lotka-Volterra prey-predator model
discussed in Griffith and Paelinck (2011). The literature on spatial regimes introduces heterogeneity in models with spatial dependence (Fischer and Stumpner, 2010), from which the SALE
(Spatial Association Local Estimation) (Pace and LeSage, 2004) and Zoom algorithms (Mur,
López, and Angulo, 2010) can be considered limiting cases. To our knowledge, few more references can be added. In fact, the history is very short.
Given the limitations of the parametric framework, it is important to pay attention to other,
more flexible, approaches, which offer a more convenient way of addressing simultaneously
the three problems: dependence, heterogeneity and nonlinearity. This is the case of the Spatial
Autoregressive Semiparametric Geoadditive Models developed, among others, by Basile and
Gress (2005), Su and Jin (2010), Su (2012), Basile, Capello, and Caragliu (2012) and Montero,
Mínguez, and Durbán (2012). The objective of this paper is to describe the main methodological

2

contributions produced recently in this field, which help us to overcome some of the deficiencies
encountered in a parametric framework. We also illustrate the discussion with an application to
the case of house prices in Lucas County.
Section 2 introduces different specifications of the semiparametric model: (i) the Penalized
Spline (PS) Geoadditive Model, (ii) the Penalized Spline Spatial Lag (or Spatial Autoregressive) Geoadditive Model (PS-SAR) and (iii) the Penalized Spline Spatial Error Geoadditive
Model (PS-SEM). Section 3 discusses different technical aspects related to the estimation of
these models, to the choice of the smoothing parameters and to the solution of identification
issues. Section 4 includes an application to the case of spatial modelling house prices in Lucas
County. The application compares parametric and semiparametric regression estimates. The
differences are clearly in favour of the more flexible semiparametric specification. Section fifth
recaps and summarizes the main findings in our work.

2

Semiparametric Models

In this section, we present a semiparametric framework, which allows us to relax the linearity
assumption and simultaneously model spatial dependence and spatial heterogeneity. We start by
introducing a general specification of the semiparametric geoadditive model (Subsect. 2.1). In
Subsections 2.2 and 2.3 we extend this model by introducing the spatial lag of the dependent
variable on the rhs, or alternatively, a spatial autoregressive error term, thus obtaining the (PSSAR) and the (PS-SEM) specifications, respectively.

2.1

Penalized Spline (PS) Geoadditive Models

The starting point is a general form of the semiparametric geoadditive model suitable for large
cross-sections of either spatial polygonal or spatial point data:1
0

yi = x∗i β ∗ + f1 (x1i ) + f2 (x1i ) + f3 (x3i , x4i ) + f4 (x1i ) li + ...

+h (noi , ei ) + εi
εi ∼ iidN 0, σε2
i = 1, ..., n

(1)

where yi is a continuous univariate response variable measuring, for example, the average annual
0
productivity growth rate of region i or the price of the house i. x∗i β ∗ is the linear predictor for
any strictly parametric component (including the intercept, all categorical covariates and eventually some continuous covariates), with β ∗ being a vector of fixed parameters. fk (.) are unknown
smooth functions of univariate continuous covariates or bivariate interaction surfaces of continuous covariates capturing nonlinear effects of exogenous variables. Which of the explanatory
variables enter the model parametrically or non-parametrically may depend on theoretical priors
or can be suggested by the results of model specification tests (Kneib, Hothorn, and Tutz, 2009).
f4 (x1i ) li is a varying coefficient term, where li is either a continuous or a binary covariate. For
example, we may want to test whether the smooth effect of x1 (e.g., population density) is different in the North and in the South. In this case li is a binary variable taking value one if region
1 Although this model is widely used in environmental studies and in epidemiology (Augustin, Musio, Wilpert,
Kublin, Wood, and Schumacher, 2009), it is rarely considered for modelling economic data.
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i belongs to the North and zero if it belongs to the South. Thus, if li = 0, the effect of x1 is given
by f1 (x1i ), whereas for li = 1, the effect is composed as the sum f1 (x1i ) + f4 (x1i ), and f4 (x1i )
can be interpreted as the deviation of x1 for the North. The term h (noi , ei ) in equation (1) is a
smooth spatial trend surface, i.e. a smooth interaction between latitude (northing) and longitude
(easting). It allows us to control for unobserved spatial heterogeneity.2 When the term h (noi , ei )
is interacted with one of the explanatory variables (e.g., h (noi , ei ) x1i ), it allows us to estimate
spatially varying coefficients (like in the GWR model). For example, by using this interaction
term, we can test the assumption that the effect of urbanization economies on local productivity
in Italy varies moving from the South to the North, or from North–Western to North–Eastern
regions. Finally, εi are iid normally distributed random shocks.3
In the case of the pure penalized regression spline model (1), if all regressors are manipulated
independently of the errors, fbk (xk ) can be interpreted as the conditional expectation of y given
xk (net of the effect of the other regressors), that is it can be interpreted as the Average Structural
Function (ASF) (Blundell and Powell, 2003).
Omitting the subscript i, each k-th univariate smooth term in equation (1) can be approximated by a linear combination of known basis functions bqk (xk ):
fk (xk ) = ∑ βqk bqk (xk )
qk

with βqk unknown parameters to be estimated. To reduce mis-specification bias, q0k s must be
made fairly large. But this may generate a danger of over-fitting. As we shall clarify further on,
by penalizing ’wiggly’ functions when fitting the model, the smoothness of the functions can be
0
controlled. Thus, a measure of ’wiggliness’ J ≡ β Sβ is associated with each k smooth function,
with S a positive semidefinite matrix. Typically, the quadratic penalty
term is equivalent to an
R 00
integral of squared second derivatives of the function, for example f (x)2 dx, but there are other
possibilities such as the discrete penalties suggested by Eilers and Marx (1996).
The penalized spline base–learners can be extended to two or more dimensions to handle
interactions by using thin–plate regression splines or tensor products (Wood, 2006a, Section
4.1.5). In the case of a tensor product, smooth bases are built up from products of ’marginal’
bases functions. For example,
f3 (x3 , x4 ) = ∑ ∑ βq3 ,q4 bq3 (x3 )bq4 (x4 )
q3 q4

A similar representation can be given for the smooth spatial trend surface, h(no, e). Corresponding wiggliness measures are derived from marginal penalties (Wood, 2006a). Moreover, it is
worth mentioning that, when f (x3 , x4 ) - or h(no, e) - is represented using a tensor product, the
basis for f (x3 ) + f (x4 ) is strictly nested within the basis for f (x3 , x4 ). Thus, in order to test for
2 Removing unobserved spatial patterns is a primary task, especially when the researcher considers spatial unob-

servables as potential sources of endogeneity, that is, when there is a suspected correlation between unobserved and
observed variables.
3 Equation (1) can be augmented by relaxing the iid assumption for the error term, that is assuming an error
vector ε ∼ N (0, σε2 Λ) with a covariance matrix Λ reflecting spatial error correlation as, for example, in Pinheiro and
Bates (2000).
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smooth interaction effects, we do not need to include in the model the two further terms f (x3 )
and f (x4 ).
In the case of a varying coefficient term like f4 (x1 ) l, the basis functions bq4 (x1 ) are premultiplied by a diagonal matrix containing the values of the interaction variable (l). Similarly, in the
case of a spatially varying coefficient term like h (no, e) x1 , the basis functions bqno (no)bqe (e) are
premultiplied by a diagonal matrix containing the values of the interaction variable x1 .
Given the bases for each smooth term, equation (1) can be rewritten in matrix form as a large
linear model,
y = X∗ β ∗ + Σq1 β1q1 b1q1 (x1 ) + Σq2 β2q2 b2q2 (x2 ) + ... + ε
= Xβ + ε

(2)

where matrix X includes X∗ and all the basis functions evaluated at the x0 s covariate values,
while β contains β ∗ and all the coefficient vectors, βq , corresponding to the basis functions.

2.2

Penalized Spline Spatial Lag Geoadditive Models (PS-SAR)

The Geoadditive model (1) represents a quite general framework to model spatial data taking
account of nonlinearities and spatial heterogeneity. However, this model rules out spatial interaction or spatial spillover effects. One way of dealing with this issue is the introduction of spatial
lags of the exogenous variables on the rhs of model (1), thus capturing so-called local spatial
externalities.4 However, it is also possible to capture global spatial spillovers by augmenting
the Geoadditive model with the spatial lag of the dependent variable. The structural form of the
semiparametric model becomes a Spatial Autoregressive Geoadditive Model or Penalized-Spline
SAR model (PS-SAR as called in Mínguez, Durbán, Montero, and Lee, 2012):
0

n

yi = x∗i β ∗ + ρ ∑ j=1 wi j y j + f1 (x1i ) + f2 (x2i )
+ f3 (x3i , x4i ) + f4 (x1i ) li + ... + h (noi , ei ) + εi
εi ∼ iidN (0, σε2 )

(3)

i = 1, ..., n

where wi j are the elements of a spatial weights matrix Wn , ∑nj=1 wi j y j captures the spatial lag of
the dependent variable (which always enters the model linearly), and ρ is the spatial spillover
parameter. This model was first proposed by Gress (2004) and Basile and Gress (2005) and then
reformulated by Basile (2008, 2009), Basile, Capello, and Caragliu (2012), Montero, Mínguez,
4 In

spatial econometrics, it is customary to distinguish between local and global spatial spillovers (Anselin,
2003). The key is the existence of a spatial multiplier matrix in the reduced form of the model. The reduced
0
form of the Spatial Lag Model (SAR) (y = AX β + Aε), for example, contains the spatial multiplier matrix A =
(In − ρWn )−1 , which implies that a change in a regressor xk in region i – as well a change in the error ε in region i –
impacts on the outcome of this region, on the outcome of its neighbours, on that of the neighbours of its neighbours
and so on. The impact therefore is global. In the case of SEM, the global spillover effect concerns only unmodelled
0
random shocks (y = X β + Bu, with B = (In − λ Wn )−1 ). On the contrary, local spatial spillovers in the explanatory
0
0
variables characterize the spatial cross-regressive model (SLX) (y = X β + Wn X δ + ε). In fact, there is no inverse
involved in the reduced form of this model, so as the impact of the change dies just after its effect on the neighbours
(the structural form of the SLX is in fact the reduced form).
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and Durbán (2012), Mínguez, Durbán, Montero, and Lee (2012), Su and Jin (2010) and Su
(2012). It reflects the notion of a spatial correlation comprised of two parts: (i) a spatial trend
due to unobserved regional characteristics, which is modelled by the smooth function of the
coordinates, and (ii) global spatial spillover effects, which is modelled by including the spatial
lag of the dependent variable. Su (2012) extends this model to allow for both heteroskedasticity
and spatial dependence in the error term.
As in the parametric SAR, in the PS-SAR also the estimated coefficients of parametric terms
∗
b
(β ) cannot be interpreted as marginal effects of the explanatory variables on the dependent
variable, due to the presence of a significant spatial autoregressive parameter (ρ). Direct, indirect (spillover) and total effects must be computed instead after estimation using the algorithms
described in LeSage and Pace (2009) for parametric SAR. For the same reason, the estimated
smooth functions — fbk (xk ) — cannot be interpreted as ASF, that is as conditional expectations
of y given xk . Taking advantage of the results obtained for parametric SAR, we can compute the
total smooth effect (total–ASF) of xk as
−1
fbkTk (xk ) = Σq [In − ρbWn ]i j bkq (xk )βbkq

(4)

Finally, we can compute direct and indirect (or spillover) effects of smooth terms in PS-SAR as
follows:

2.3

−1
fbkDk (xk ) = Σq [In − ρbWn ]ii bkq (xk )βbkq

(5)

fbkIk (xk ) = fbkTk (xk ) − fbkDk (xk )

(6)

Penalized Spline Spatial Error Geoadditive Models (PS-SEM)

An alternative specification of the semiparametric model that captures global spatial externalities
(in the form of spatial diffusion of idiosyncratic random shocks), together with the nonlinearities and spatial unobserved heterogeneity, is the Spatial Error Geoadditive Model or PS-SEM
proposed by Mínguez, Durbán, Montero, and Lee (2012). This specification augments the Penalized Spline Geoadditive Model by including a spatial autoregressive error term, while leaving
the systematic part of the model unchanged:
0

yi = x∗i β ∗ + f1 (x1i ) + f2 (x2i )
+ f3 (x3i , x4i ) + f4 (x1i ) li + ... + h (noi , ei ) + ui
n
w u + εi
j=1 i j j

ui = λ ∑

εi ∼ iidN

(0, σε2 )

(7)
i = 1, ..., n

where, again, wi j is the element of a spatial weights matrix Wn and λ is a spatial autoregressive
parameter. As in the case of the pure PS model (1), if all regressors are exogenous, fbk (xk ) =
Σq bkq (xk )βbkq can be directly interpreted as the conditional expectation of y given xk (ASF). In
other words, the model cannot capture any spatial spillover of shocks in a modelled xk factor.
Nevertheless, the PS-SEM allows us to capture spatial externalities in un-modelled idiosyncratic
random shock, since the reduced form of the model is
0

y = X∗ β ∗ + f1 (x1 ) + f2 (x2 ) + f3 (x3 , x4 ) + f4 (x1 ) l + ... + h (no, e) + (In − λWn )−1 ε
6

3

Estimation Methods

Let us now discuss the issues concerning the estimation of model parameters in the semiparametric models described above and the related inference starting from the assumptions of an
independent error structure and strict exogeneneity of all explanatory variables, that is starting
from the estimation of model (1). Specifically, we describe two alternative estimators of model
(1). The first one is the penalized least squares (PLS) method, coupled with a generalized cross
validation (GCV) score minimization process to select the smoothing parameters (Section 3.1).
The semiparametric model (1) can also be expressed as a mixed model. Consequently, it is possible to estimate all the parameters of this model using restricted maximum likelihood methods
(REML). In Section (Section 3.2), we present some ways to deal with general semiparametric
models using mixed models. Subsection 3.3 shows how this methodology can be applied to
estimate the parameters of PS-SAR and PS-SEM models in a single step. Finally, in Section 3.4
we present an alternative two-step control function approach to estimate the PS-SAR model.

3.1

PLS and GCV Score Minimization

As already mentioned, the number of parameters for each smooth term in a semiparametric
model must be large enough to reduce misspecification bias, but not too large to escape overfitting. To solve this trade–off, we need to penalize lack of smoothness. Thus, starting from
the assumption of exogeneity of all the rhs variables, model (2) can be estimated by solving the
following optimization problem
min ky − Xβ k2 + ∑ θk β 0 Sk β

w.r.t.

(8)

β

k

subject to any constraints associated with the bases plus any constraints needed to ensure that
the model is identifiable. k.k2 is the Euclidean norm and θk ≥ 0 are the smoothing parameters
that control the fit vs. smoothness trade–off. Employing a large number of basis functions yields
a flexible representation of the nonparametric effect fk (.) where the actual degree of smoothness
can be adaptively chosen by varying θk .5
Given smoothing parameters, θk , the solution to (8) is the following penalized least square
estimator:
!−1
βb = X0 X + θk Sk
X0 y

∑
k

The covariance matrix of βb can be derived from that of y
!−1
Vβb

= σε2 X0 X + ∑ θk Sk

!−1
X0 X X0 X + ∑ θk Sk

k

k

5 It is worth noticing that in expression (8), for interactive terms, the penalty matrix S usually depends on both
k
interacting variables, and the associated θk will have two components allowing for different degrees of smoothing.
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If we also assume normality, that is ε ∼ N 0, In σε2 , then

  
βb ∼ N E βb ,Vβb
It has been observed, however, that frequentist confidence intervals based on the naive use of
βb and the corresponding covariance matrix perform quite poorly in terms of realized coverage
probability (Wood, 2006b). Thus, in practice, in additive models based on penalized regression
splines, frequentist inference yields us to reject the null hypothesis too often. To overcome this
problem, and following Wahba (1983) and Silverman (1985), Wood (2006a,b) has implemented
a Bayesian approach to coefficient uncertainty estimation. This strategy recognizes that, by
imposing a particular penalty, we are effectively including some prior beliefs about the likely
characteristics of the correct model. This can be translated into a Bayesian framework by specifying a prior distribution for the parameters β . Specifically, Wood (2006b) shows that using a
Bayesian approach to uncertainty estimation results in a Bayesian posterior distribution of the
parameters

!−1 
 

β |y ∼ N E βb , σε2 X0 X + ∑ θk Sk
k

This latter result can be used directly to calculate credibility intervals for any parameter. Moreover, the credibility intervals derived via Bayesian theory are well behaved also from a frequentist point of view, i.e. their average coverage probability is very close to the nominal level 1 − α,
where α is the significance level.
A crucial issue in the use of penalized regression splines within an additive semiparametric
model is the selection of the smoothing parameters, θk , controlling the trade–off between fidelity
to the data and smoothness of the fitted spline. How should these values be selected? There are
two main approaches to identify the optimum smoothing parameters. First, we can use prediction
error criteria, such as generalized cross validation (GCV), Akaike information criterion (AIC),
Bayesian information criterion (BIC) and so on. Alternatively we can rewrite the penalized
additive model as a mixed model by decomposing each smooth term into fixed effect and random
effect components and estimate the model by ML or restricted maximum likelihood (REML),
treating θk as variance parameters (see Sect. 3.2).
As for the first method, we might select the values of θbk that minimize the GCV score:
GCV (θk ) =

n k y − H(θk )y k2
[n − tr(H(θk ))]2

(9)

where H(θk ) = X(X0 X + ∑ θk Sk )−1 X0 is the hat matrix for the model being fitted and its trace,
tr(H(θk )), gives the effective degrees of freedom ed f (i.e. the number of identifiable parameters
in the model). The ed f are a general measure for the complexity of a function estimates, which
allows us to compare the smoothness, even for different types of effects (e.g. nonparametric
versus parametric effects). If θk =0, then ed f is equal to the size of the β vector minus the
number of constraints (i.e. ed f = K). Positive values of θk lead to an effective reduction of the
number of parameters (i.e. ed f < K). If θk is high, we have very few ed f .
8

Actually, multiple smoothing parameter selection based on the minimization of the GCV
score (9) is often too computationally demanding. To overcome this problem, Wood (2000)
extended the ’performance iteration’ method proposed by Gu and Wahba (1991) for automatically select multiple smoothing parameters to the case of computationally efficient low–rank
additive models based on penalized regression splines. First, the multiple smoothing parameter
model fitting problem is re-written with an extra overall smoothing parameter (δ ) controlling
the trade-off between model fit and overall smoothness, while retaining smoothing parameters
multiplying each individual penalty, which now control only the relative weights given to the
different penalties. The following steps are then iterated: (1) given the current estimates of the
relative smoothing parameters (θk /δ ), estimate the overall smoothing parameter; and (2) given
the overall smoothing parameter, update log(θk ) by Newton’s method. In this way, the smoothing parameters for each smooth term in the model are chosen simultaneously and automatically
as part of the model fitting. A drawback of this method is that it does not allow users to fix
some smoothing parameters and estimate others or to bound smoothing parameters from below.
Moreover, the method is not optimally stable numerically.
More recently, Wood (2004) proposed an improved (optimally stable) version of the ’performance iteration’ method which is more robust to collinearity or concurvity problems and
which can deal with fixed penalties. The second issue is very important when fully automatic
smoothing parameter selection result in one or more model terms clearly over-fitted and thus it is
necessary to fix or bound smoothing parameters. The issue is also particularly relevant in geoadditive models, since the smooth function of spatial location (h(noi , ei )), which enter the model
as a nuisance term – i.e. only to explain variability that cannot be explained by the covariates
that are really of interest – is often estimated with bounded smoothing parameters, while the ’interesting’ terms are left with free smoothing parameters: in this way the ’interesting’ covariates
can be forced to do as much of the explanatory work as possible.

3.2

Penalized Regression Splines as Mixed Models and the REML estimator

The estimation of model (2) can be based on the reparameterization of such a model in the form
of a mixed model:
y = Xβ + ZU + ε

U ∼ i.i.d. N(0, G) ε ∼ i.i.d. N(0, σε2 I)

(10)

where G is a block–diagonal matrix, which depends on both σu2k and σε2 variances. This model
is a mixed model where β represents the parameters vector of fixed part and U are the ran2
dom effects. The smoothing parameters are defined by the ratios θk = σσ2ε . Again, matrix X
uk

may include parametric components such as the intercept, continuous covariates and categorical
covariates.
This reparameterization consists in postmultiplying X and premultiplying β in model (2) by
an orthogonal matrix resulting from the singular value decomposition of the penalty matrices
Sk (Wand, 2003; Lee and Durbán, 2011; Wood, Scheipl, and Faraway, 2012). Therefore, the
type of penalizations determines the transformation matrix and, thus, the fixed and random effects obtained in the mixed model. The resulting coefficients associated with the fixed effects
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(β ) are not penalized, while those associated with the random effects (U) are penalized. The
penalization of random effects is given by the variance–covariance matrix of these coefficients.
It is worth pointing out that when the model is a pure additive model y = ∑Kk=1 f (xk ) + ε
(i.e. there are no interaction terms), G is block–diagonal, each block matrix Gk depending
only on θk , the smoothing coefficient associated to each variable xk . Thus, model (10) becomes
a variance components model that can be estimated by using standard software on the topic.
When the model contains interaction terms, it is not longer a pure additive model. Therefore,
each block Gk depends on more than one smoothing coefficient θk , except in the isotropic case,6
where coefficients θk are the same for all variables (Wood, Scheipl, and Faraway, 2012; Lee
and Durbán, 2011). As a consequence, the resulting mixed model is not an orthogonal variance
component model.
A recent reparameterization, proposed by Wood, Scheipl, and Faraway (2012), allows us
to express a semiparametric model including additive and interaction effects as a mixed model
with orthogonal variance components. In this way, different degrees of smoothing for interacting
variables can be allowed by using only one smoothing coefficient for each term. An alternative
reparameterization from a P–Spline approach with a B–Spline basis and penalization matrices
for the basis coefficients based on discrete differences is considered in Eilers and Marx (1996)
and Lee and Durbán (2011). Two other interesting reparameterizations are based on (i) a truncated polynomial basis and ridge penalizations (Ruppert, Wand, and Carroll, 2003), and (ii) on a
thin–plate regression splines basis and penalizations based on the integral of the second derivatives of the spline functions (Wood, 2003b). The last three alternatives cannot be estimated with
standard software on mixed models when the interactions between the variables are considered
(except in the isotropic case).
Once the mixed model is defined, the parameters associated to fixed (β ) and random effects
(θk and σε2 ) can be estimated by using a ML algorithm. If the noise term follows a Gaussian
distribution, the log–likelihood function is given by:
1
1
log L(β , θ1 , · · · , θK , σε2 ) = constant − log |V| − (y − Xβ )0 V−1 (y − Xβ )
2
2
0

where V = ZGZ + σε2 I and the smoothing parameters θk are included in V.
However, the ML estimates are biased since this method does not take into account the
reduction in the degrees of freedom due to the estimation of the fixed effects. The restricted
maximum likelihood (REML) method can be used to solve the problem. The REML method
looks for the linear combinations of the dependent variable that eliminates the fixed effects in the
model (McCulloch, Searle, and Neuhaus, 2008). In this case the objective function to maximize
is given by:
0
1
1
log LR (θ1 , · · · , θK , σε2 ) = constant − log |V| − log |X V−1 X|
2
2

0
0
1 0  −1
− y V − V−1 X(X V−1 X)−1 X V−1 y
2

6 For the sake of clarity, isotropy means that the degree of smoothness is the same for all the covariates, that is the

degree of flexibility in all of them is the same. Nevertheless, the usual situation in real cases is anisotropy, since the
covariates are usually measured in different units of measure or, in the case of equal measurement units (e.g. spatial
location variables), the variability of such covariates differs greatly.
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An estimation of the variance components parameters can be obtained after maximizing
log LR (.). In a second step, the estimates of β and U are given by (McCulloch, Searle, and
Neuhaus, 2008):
−1

0

β̂

0

−1

= (X V̂ X)X V̂ y
0

−1

Û = ĜX V̂ (y − Xβ̂ )
Finally, the estimated values of the observed variable can be obtained as:
ŷ = Xβ̂ + ZÛ
To build confidence intervals for the estimated values, an approximation of the variance–covariance
matrix of the estimation error is given by V (y − ŷ) = σε2 H where, as shown previously in the
GCV method, H is the hat matrix of the model (Ruppert, Wand, and Carroll, 2003). For the
mixed model, it can be proved that:
0

H=

0

XX
XZ
0
0
Z X Z Z + G−1

!−1

0

0

XX XZ
0
0
ZX ZZ

!

Recently, Wood (2011) has proposed a Laplace approximation to obtain an approximated
REML or ML for any generalized linear model, which is suitable for efficient direct optimization. Simulation results indicate that these novel REML and ML procedures offer, in most cases,
significant gains (in terms of mean–square error) with respect to GCV or AIC methods.

3.3

Estimation of the PS-SAR and PS-SEM: extending the REML approach

In a mixed–model form, the PS-SAR can be expressed as:
y = ρWn y + Xβ + ZU + ε

U ∼ i.i.d. N(0, G) ε ∼ i.i.d. N(0, σε2 I)

In reduced form we have:
y = AXβ + AZU + Aε

(11)

where A = (I − ρWn )−1 .
As pointed out in Montero, Mínguez, and Durbán (2012) and Mínguez, Durbán, Montero,
and Lee (2012), the log–REML function for model (11) is:
0
1
1
log LR (ρ, θ1 , · · · , θK , σε2 ) = constant − log |V| − log |X V−1 X| + log |A|
2
2

0
0
1 0 0  −1
−1
− y A V − V X(X V−1 X)−1 X V−1 Ay
2
0

(12)

As usual, log LR (.) is maximized with respect to the parameter vector (θ1 , · · · , θK , σε2 ) . Note that
the maximization process requires the computation of the log-determinant of matrix A, a dense
n × n inverse matrix depending on ρ. As a consequence, the maximization of such a function
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constitutes a challenging task. Nevertheless, to evaluate A for different values of ρ when n is
large, it is possible to use Monte Carlo procedures (LeSage and Pace, 2009).
With respect to the estimation of PS-SEM model, we could also maximize the log–REML
function (12) but, now, the covariance matrix is given by:
0

0

V = ZGZ + σε2 (BB )
and B = I − λ Wn . Now, the maximization problem is also challenging due to the difficulty of
the inversion of V matrix.
Finally, fixed and random effects can be estimated as:
−1

0

β̂

0

−1

= (X V̂ X)X V̂ Ây
0

−1

Û = ĜX V̂ (Ây − Xβ̂ )
Unlike model (10), the spatial lag model (11) cannot be estimated by using standard software
regardless of the type of reparameterization used to express it as a mixed model.7

3.4

Estimation of the PS-SAR: a control function approach

In the PS-SAR model, the spatial lag term Wn y and the error term ε are correlated. In Sect. 3.3
we have described a possible solution to this endogeneity bias based on the REML estimation
approach. As suggested by Basile (2009), an alternative way of dealing with the simultaneity
bias in PS-SAR is the “control function" (CF) approach (Blundell and Powell, 2003).8
Generally speaking, the CF approach is an alternative to standard instrumental variable (IV)
methods (either two-stage-least squares – 2SLS or GMM). It is a two–step procedure: in the first
step the endogenous explanatory variables (X) are regressed on a set of instrumental variables
(Q); the residuals from the first step are then included in the original equation to "control" for the
endogeneity bias. In linear models (y = Xβ + u), where the endogenous explanatory variables
appear linearly, the CF approach relies on the same identification (orthogonality) conditions –
i.e. unconditional moment restriction E(Qu) = 0 – as the IV methods and leads to the usual
2SLS estimator. The CF approach treats endogeneity as an omitted variable problem, where the
inclusion of estimates of the first-stage errors v (the part of the regressors X that is correlated
with Q) as a covariate corrects the inconsistency of least-squares regression of y on X.
In the case of nonparametric and semiparametric additive models, the CF approach imposes extra identification assumptions – i.e. conditional mean restrictions E(u|Q) = 0 and
E(u|X,Q) = E(u|X,v) = E(u|v) – not imposed by IV approaches. However, in these cases
the CF approach offers some distinct advantage over the IV methods (Wooldridge, 2007). In
7 Nevertheless,

there are some R codes using spdep package available from Montero, Mínguez, and Durbán
(2012) and Mínguez, Durbán, Montero, and Lee (2012).
8 It is important to mention that a semiparametric spatial lag model has also been proposed within a partial linear
framework. For example, Su and Jin (2010) develop a profile quasi–maximum likelihood estimator for the partially
linear spatial autoregressive model which combines the spatial autoregressive model and the nonparametric (local
polynomial) regression model. Furthermore, Su (2012) proposes a semiparametric GMM estimator of the SAR
model under weak moment conditions which allows for both heteroskedasticity and spatial dependence in the error
terms.
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particular, the application of the standard 2-SLS fitted-value method to nonparametric additive
models (i.e. the substitution of the fitted values from the first-stage nonparametric regression of
X on Q into nonlinear structural functions) generally yields inconsistent estimates of the structural parameters. Instead, alternative procedure involving the use of the residuals v from this
first-stage regression to control for the endogeneity of the regressors X do yield identification of
the ASF (Blundell and Powell, 2003).
Using the CF approach to estimate the PS-SAR model implies to run the following first–step
semiparametric regression
Wn y = β0 + ∑m gm (Q) + ν
where ν is a sequence of random variables satisfying conditional mean restrictions E(ν|Q) = 0
and Q is a set of m conformable instruments. For example, in line with Kelejian and Prucha
(1997), Q may contain all exogenous terms included in the model and several orders of their
spatial lags. The functions gm define generic representations of different types of covariate
effects, including both linear and nonparametric smooth components.
The residuals from this first step are then included in the original PS-SAR equation to control
for the endogeneity of Wn y:9
0

y = X∗ β ∗ + ρWn y + f1 (x1 ) + f2 (x2 )
+ f3 (x3 , x4 ) + f4 (x1 ) l + ... + h (no, e) + c (νb) + ε

(13)

Obviously, the endogeneity of any other continuously distributed regressor in the PS-SAR model
can also addressed via the control function approach if valid instruments are available.10 Since
the second-step regression contains generated regressors (i.e. the first-step residuals), a bootstrap
procedure is recommended to compute the standard errors. This procedure may consist of the
following steps:
1. Select a bootstrap sample (y∗b , X∗b , Q∗b ) drawn with replacement from (y, X, Q);
2. Run a semiparametric regression of each endogenous variable on the exogenous variables
and the instruments;
3. Insert the first-step residuals in the original semiparametric regression;
4. Repeat B = 1000 times points (i)–(iii);
5. For each estimated parametric coefficients compute the corresponding equal–tail bootstrap
p-value:
!
1 B
1 B
∗
∗
∗
P (β̂ ) = 2 × min
∑ #{β̂b ≤ 0}, B ∑ #{β̂b > 0}
B b=1
b=1
6. For each estimated nonparametric coefficients compute the average partial effect at the
95% confidence bands.
9 Both

first and second step equations can be estimated by using, for example, PLS or REML estimators.
requirement that the endogenous regressor be continuously distributed is the most important limitation of
the applicability of the CF approach to estimation of nonparametric and semiparametric models with endogenous
regressors.
10 The
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4

An Application to Lucas County House Pricing Data

We investigate the performance of the semiparametric spatial autoregressive geoadditive models (PS-SAR and PS-SEM) described above using the Lucas County (Ohio) database on house
prices. In Section 4.1 we describe the dataset and briefly discuss some issues related to modelling housing prices. In Section 4.2 we report the results of the analysis.

4.1

Data and model specififcation issues

Lucas County (Ohio) database on housing prices contains 18,378 observations of single family
homes sold during 1995-1998, and is fully described in the Spatial Econometrics toolbox for
MatlabT M (data/house.txt). It has been widely used for different purposes. LeSage and Pace
(2009) adopted it to illustrate the Bayesian version of the Matrix Exponential Spatial model
(MESS). Bivand (2010, 2012) used it to compare functions for fitting spatial econometrics models in the R spdep package with those in the Spatial Econometrics toolbox for MatlabT M , in
OpenGeoDa and in the STATAT M ado file sppack. Zhu, Füss, and Rottke (2011) used the dataset
to illustrate a new methodology developed to capture anisotropic spatial autocorrelation in the
context of the simultaneous autoregressive model. Finally, Dubé and Legros (2013) used Lucas
County data to propose a simple way to take into account the unidirectional temporal effect and
the multidirectional spatial effect in the estimation process.
In all these applications, hedonic equations for single-family homes are estimated mainly
using parametric regression models relating the logarithm of the transaction price (the dependent variable) to the property’s characteristics, such as the dwelling age, its squared term (and
sometimes its cube term), the logarithms of the lot size and of the total living area in square feet,
and numbers of rooms, bathrooms and bedrooms. Unfortunately, the dataset does not contain
information on various neighbourhood amenities and proximity variables. The list of neighbours provided with the data set in spdep is a sphere of influence (soi) graph constructed from
a triangulation of the point coordinates of the houses after projection to the Ohio North NAD83
(HARN) Lambert Conformal Conical specification (EPSG:2834). The resulting spatial weights
matrix is relatively sparse, with less than three neighbours per observation on average (Figure
1).
Figure 1 about here
Before discussing the results of our analysis, it is important to remark that modelling housing
markets is a complex task because of the simultaneous occurrence of strong spatial dependence,
strong heterogeneity and strong nonlinearities. Empirical evidence regarding spatial dependence in housing price formation is quite strong. One reason is that, due to uncertainty, real
estate agents (buyers and/or sellers) use prices in the neighbourhood as reference price. Thus,
the price of one house influences the prices of other houses located nearby and vice versa (Can,
1997). Spatial dependence may also arise because of the so called “maintenance/repair" effect
(Can and Megbolugbe, 1997), according to which the decision of one agent in relation to a variable (i.e., maintenance) affects the utility of this agent as well as the utility of neighbouring
agents. Furthermore, information flows and expectations are likely to reinforce horizontal transmissions between agents which, in addition to commuting and migration, favour the appearance
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of strong dependence (Brady, 2011; Holly, Hashem Pesaran, and Yamagata, 2011; Kuethe and
Pede, 2011).
Spatial heterogeneity is also very common in housing price analysis. First, geographical
constraints and urbanization regulations restrict the supply side of the market in a different way
from zone to zone. Second, search costs and differences in the channels transmitting price
information create information asymmetries across space (Dieleman, Clark, and Deurloo, 2000;
Gray, 2012; van Dijk, Franses, Paap, and van Dijk, 2011). Third, Wood (2003a) points to
differences in liquidity across different spatial markets; combined with a different capacity to
absorb national shocks, these differences result in powerful potential sources of heterogeneity.
Forth, the disparities can be accentuated by differences in the patterns of spatial mobility, in
terms of commuting and migration (Kosfeld, 2007; Molloy, Smith, and Wozniak, 2011).
Finally, it must be recognized that the nature of the relationship between house prices and
the various associated attributes is complex and nonlinear, so it would be better represented by
nonparametric models rather than the classical parametric specifications (Ekeland, Heckman,
and Nesheim, 2004). For example, Goodman and Thibodeau (1995) suggest that housing depreciation, that is the relationship between dwelling age and the market value of owner-occupied
housing, is nonlinear and possibly non-monotonic. These three issues (spatial dependence, spatial heterogeneity and nonlinearities) clearly raise the need to modelling housing prices by using
flexible PS-SAR and PS-SEM specifications.

4.2

Econometric results

We use the subset of Lucas County housing price data referring to the 1996 year to compare the
performance of different competing parametric and semiparametric models. The starting point
is the pure a-spatial parametric model, relating the logarithm of house price to the age of the
house, its squared term, the logarithms of the lot size and of the total living area in square feet,
and the number of bathrooms. OLS coefficients of this model are all significant and have the
expected sign (Table 1). Moreover, a quadratic effect of age is clearly detected.
Table 1 about here
As observed above, no contextual variables about the neighbourhood of the houses are available in the dataset, so one would expect a strong spatial autocorrelation reflecting this misspecification. This expected result is clearly corroborated by the Lagrange Multiplier tests for spatial
autocorrelation in OLS residuals, which strongly work in favour of the SAR model.11 Direct,
indirect and total effects from the estimated parametric SAR are reported in Table 2.
Table 2 about here

11 This is not a new finding. As it is well known from the literature on the topic, the conventional hedonic
regression model (the A-spatial model) is not capable to capture spatial dependence on house prices (even when
location variables are included). However, we claim that the absence of contextual variables must engender a range
of spatial processes which could not be fully captured by the spatially lagged dependent variable. It may also be
the case that the very sparse spatial weights used are insufficiently dense to mop up the existent autocorrelation. To
account for these critical issues, we estimate more flexible semiparametric PS-SAR and PS-SEM models.
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The estimate of the spatial correlation coefficient (ρb) in the parametric SAR model is 0.466,
which clearly indicates that houses prices in Lucas County are highly spatially dependent. Obviously, this large ρb traduces in a dramatic reduction of mean square error (MSE), Akaike information criterion (AIC), Bayesian information criterion (BIC) statistics: MSE reduces by 36.4%,
and AIC and BIC comes down by 6.5% (Table 3). Something similar occurs when the spatial
correlation is considered in the error term and, consequently, the spatial strategy is a parametric
SEM. In this case, the estimate of the spatial correlation coefficient is b
λ = 0.512, and the inclusion of the autoregressive term in the error reduces the MSE by 31.3% and both AIC and BIC
by 5.4%. It is of note that the spatial coefficient in SEM exceeds that of SAR, which could be
attributed to the omission of relevant variables.
Table 3 about here
Comparing parametric and semiparametric models, we firstly observe that the a-spatial nonparametric model outperforms its parametric counterpart, although it performs worse than the
parametric SAR and SEM models. As can be seen in Table 3, the a-spatial model specified
using cubic regression spline basis functions and the GCV score to identify smoothing parameters reduces the MSE by 16.6% and the AIC and BIC statistics by 2.5% and 2.2%, respectively.
These results are even better when using P-spline basis functions and estimating the model with
REML: MSE reduces by 19.3%, AIC and BIC fall by 3.0 and 2.7%, respectively.
Significant gains in model performance are observable once the geoadditive component is
included in the model, which highlights the importance of controlling for unobserved spatial
heterogeneity. In particular, it is worth noticing that the P-Spline Geoadditive model estimated
with RMEL provides similar MSE, AIC and BIC statistics as the pararametric SAR (the best of
the spatial parametric specifications). These statistics are even better when using cubic splines
and carrying out a GCV estimation.
Although the inclusion of a spatially autocorrelated term in the traditional parametric specification yields significant gains, the benefits gained from semiparametric spatial autoregressive
models are certainly greater. More specifically, the MSE of the PS-SAR model is about 0.11
(the MSE of the parametric SAR is 0.14), irrespective of the type of spline basis function used
and the estimation method adopted (i.e. one-stage REML method or two-stage control function
approach). It is also worth noticing that the estimate of the ρ parameter decreases from 0.47 for
the parametric SAR model to 0.32-0.38 for the nonparametric PS-SAR specifications. This is a
expected result, since part of the spatial dependence is captured by the spatial trend surface. Surprisingly, some further improvement in terms of model fitting is obtained with the PS-SEM. This
last finding can be attributed to the short number of explanatory variables included in the model.
The spatial coefficient λ in the PS-SEM (0.446) is lower than in the parametric SEM (0.521),
again probably because part of the spatial dependence is captured by the spatial trend surface.
All in all, our results clearly display the superiority of semiparametric spatial geoadditive models
(PS-SAR and PS-SEM) at least for this case study.
Finally, having shown the superiority of semiparametric spatial geoadditive models, we
briefly discuss the results of the PS-SAR model estimated using the two-stage control func-
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tion approach (Table 4).12 First, we run a semiparametric regression of the endogenous term
Wn y on the exogenous variables and their spatial lags used as external instruments. Then, we
insert the first-stage residuals in the original semiparametric regression to correct the inconsistency of the regression of the dependent variable y on the endogenous explanatory variable Wn y.
All terms, but Wn y, bath and Wn bath are introduced as smooth terms. The model also includes a
spatial trend surface, h(no, e), constructed by using the spatial coordinates in rescaled form. All
smooth terms are specified using P-spline basis functions. Both stages are estimated using the
REML method.
Table 4 about here
Second-stage results show that all smooth terms have an ed f higher than 1, indicating that
not only age, but also log(lotsize) and log(livingarea) enter nonlinearly the model. This is
clearly displayed in Figure 2, which reports the plots of estimated additive smooth components
along with the total, direct and indirect effects computed using equations (4), (5) and (6).13 The
pointwise 95% confidence bands (obtained using the bootstrap procedure described in Section
3.4) show that all effects are also significant in most part of the variable domain. As expected,
indirect effects are always lower that direct ones. Finally, a picture of the unobserved spatial
heterogeneity captured by the geoadditive component — h(no, e) — is reported in Figure 3.
Figures 2 and 3 about here

5

Conclusions

In this paper we have reviewed recently developed semiparametric spatial autoregressive geoadditive models, called Penalized Spline Spatial Lag model (PS-SAR) and Penalized Spline Spatial
Error model (PS-SEM) model. These methods play a prominent role in those context in which
the theory suggests the existence of spatial interdependence and heterogeneous behavior of the
spatial units. We have showed their relative performance with respect to parametric a-spatial
and spatial regression models using a large dataset on house prices. Natural directions in which
these methods can be extended are a specification for longitudinal data and, eventually, a dynamic framework.

12 As observed above, the performances of the PS-SAR estimated with the one-step REML method are very
similar. Thus, the evidence reported for the two-stage control function approach can be safely extended to those with
the one-step REML method.
13 Actually, total, direct and indirect effects are not smooth at all over the domain of variable x due to the presence
k
of the spatial multiplier matrix in the algorithms. A wiggly profile of direct, indirect and total effects would appear
even if the model were linear. Therefore, in the spirit of this paper, we have applied a spline smoother to obtain
smooth curves.
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TABLE 1
OLS estimation results

Estimate Std. Error t value
Pr(>|t|)
(Intercept)
3.5371
0.1804
19.61
0.0000
age
1.0626
0.0922
11.53
0.0000
age2
-1.9078
0.0739 -25.81
0.0000
log(lotsize)
0.1701
0.0099
17.26
0.0000
log(livingarea)
0.8353
0.0250
33.44
0.0000
baths
0.0475
0.0190
2.49
0.0127
Lagrange Multiplier Spatial Dependence Tests on OLS Residuals
Statistic
p-value
LM_err
1064.9
0.000
LM_lag
1552.6
0.000
Robust-LM_err
4.5
0.034
Robust-LM_lag
492.2
0.000
Notes: Dependent variable: log of house price. ∗ , ∗∗ and ∗∗∗ indicate significance at the 10, 5 and 1% levels,
respectively. LM_err = H0 : OLS and H1 : SEM; LM_lag = H0 : OLS and H1 : SAR.
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TABLE 2
Direct, Indirect an Total impacts from the parametric SAR model
Variable
age
age2
log(lotsize)
log(livingarea)
bath
Notes:

∗

Direct
1.028∗∗∗
-1.472∗∗∗
0.092∗∗∗
0.691∗∗∗
0.013

Indirect
0.710∗∗∗
-1.016∗∗∗
0.063∗∗∗
0.477∗∗∗
0.009

Total
1.738∗∗∗
-2.488∗∗∗
0.155∗∗∗
1.169∗∗∗
0.023

, ∗∗ and ∗∗∗ indicate significance at the 10, 5 and 1% levels, respectively.
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TABLE 3
Model comparison
Model

Method

A-spatial
SAR
SEM

OLS
ML
ML

A-spatial
A-spatial
Geoadditive
Geoadditive
PS-SAR
PS-SAR
PS-SAR
PS-SEM

P-Splines, REML
CR-Splines, GCV
P-Splines, REML
CR-Splines, GCV
P-Splines, REML
CR-Splines, GCV, CF
P-Splines, REML, CF
P-Splines, REML

MSE
AIC
BIC
Parametric models
0.217 6.960 6.968
0.138 6.505 6.513
0.149 6.583 6.591
Semiparametric models
0.175 6.751 6.779
0.181 6.783 6.813
0.137 6.519 6.585
0.129 6.463 6.554
0.110 6.293 6.347
0.111 6.316 6.404
0.112 6.316 6.380
0.108 6.274 6.327

EDF

Rho

6.000
6.000
6.000

0.466

20.138
23.008
49.047
68.041
39.687
65.835
48.183
39.485

Lambda

0.521

0.354
0.324
0.379
0.446

Notes: OLS = Ordinary Least Squares; ML = Maximum likelihood; GCV = Generalized Cross Validation;
REML = Restricted maximum Likelihood; CF = Control Function; CR-Splines = Cubic Regression Splines. The
number of knots used for the smooth terms f1 (age), f2 (log(lotsize)), f3 (log(living.area)) and h (no, e) are 8, 10,
10 and 8, respectively.

25

TABLE 4
Control function estimates of the semiparametric PS–SAR Model

Parametric terms
(Intercept)
Wn y
baths
Wn baths
Smooth terms
f1 (age)
f2 (log(lotsize))
f3 (log(livingarea))
h (no, e)
f4 (res)
f4 (Wn age)
f5 (Wn log(lotsize))
f6 (Wn log(livingarea))
R2ad j.
Deviance explained
REML score

First stage
Second stage
Estimate (Bootstrap p-value)
11.019
6.806
(0.000)
0.000
0.379
0.000
0.012
0.043
(0.420)
0.000
0.011
(0.500)
edf
edf
5.238
6.643
4.216
4.978
1.888
3.728
38.342
24.986
4.848
6.467
5.256
6.637
0.826
0.811
82.9%
81.2%
1194
1686

Notes: Bootstrap p-values for the significance of the parametric coefficients are reported in parenthesis. Smooth
terms are specified using P-spline basis functions. Smoothing parameters are estimated using the REML. The
number of knots used for the smooth terms f1 (age), f2 (log(lotsize)), f3 (log(living.area)), h (no, e), f4 (Wn age),
f5 (Wn log(lotsize)), f6 (Wn log(living.area)), are 8, 10, 10, 8, 8, 10, and 10 respectively.
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F IGURE 1
Sphere of influence graph
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F IGURE 2
Estimated Effect (Left panels) and Direct, Indirect and Total Effects (Right Panels) - PS–SAR
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F IGURE 3
Spatial trend surface
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