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1 Introduction

It is the intimate relationship between geometric and economic properties, together with
a reasonable level of abstraction, which represents one of the distinctive marks of general
equilibrium theory. This is particular true for the equilibrium manifold approach.

The equilibrium manifold is defined as the set of pairs of prices and endowments
such that the aggregate excess demand function is equal to zero. Due to the strong
connection between mathematical formalization and equivalent economic properties, the
investigation of its geometric properties has led to several and important contributions
in economic theory, where the standard smooth exchange setup has played the role of
benchmark model which can be powerfully extended to encompass more realistic and
complex contexts.

Since the equilibrium manifold is not a simple collection of data, its shape signif-
icantly matters. This further stimulates the investigation of its geometric properties
and, in particular, those properties which are intrinsic, i.e. which do not depend on the
ambient space (such as, e.g., the Riemannian metric studied by [5]).

In this paper we study the curvature, an important intrinsic differential geometry
concept. We have been inspired by a result by Balasko (see Theorem 2.2) which, roughly
speaking, states that the equilibrium manifold is flat (i.e. it has zero curvature) if there
is uniqueness of equilibrium. A very natural question is whether a zero curvature implies
uniqueness. Due to the difficulty of the computations involved, we have only analyzed the
case with two goods and an arbitrary number of agents, where the equilibrium manifold
is an hypersurface, i.e. it has codimension one with respect to its ambient space. In
our main result, Theorem 4.1, we show that a zero curvature implies uniqueness of
equilibrium. Moreover, as a by-product of our proof, we also show that it is sufficient to
compute the curvature in a measure zero set of the space of the economies in order to have
a global information on the uniqueness. We believe that the curvature issue may deserve
further attention and investigation because it is intimately related to the multiplicity of
equilibria and the geodesic flow and ergodic theory. This could hopefully open original
ways to address the equilibrium selection problem. This paper is organized as follows.
Section 2 recalls the economic setup and Section 3 recalls the standard mathematical
concepts used in Section 4, where our main result is proved.

2 Geometric implications of uniqueness of equilibrium

The economic setup is represented by a pure exchange smooth economy with [ goods and
m consumers. By smooth (see [2, Chapter 2]) is meant that consumer i’s preferences, i =
1,2,...,m, are represented by a smooth utility function u; : R — R, where: (1) the first
order derivatives are all strictly positive, and (2) the quadratic form y'D?u;(z)y, where
D?u;(x) denotes the Hessian matrix restricted to the tangent plane to the indifference
surface, is negative definite. The set of normalized prices is defined by

S={p=@1,..m) eR" | p; >0,j=1,...,1, pp =1}



and the set Q = (R")™ denotes the space of endowments w = (w1, .. .,wn), w; € R\ The
problem of maximizing the smooth utility function u; : R* — R subject to the budget
constraint p - w; = w; gives the unique solution f;(p, w;), i.e., consumer’s i demand. The
equilibrium manifold E is the closed set of the pairs (p,w) € S x Q, which satisfy the
following equilibrium equations:

> filpp-w) =) wi
i=1 i=1

By introducing the following two smooth mappings:

e themap ¢: S x Q2 — 8§ x R” x RE-D(m=1) defined by

(p7w1--~7wm) — (pvp'wb'"7p'wmaa}17"'aa}mfl)7
where @; denotes the first [ — 1 components of w;, for i =1,...,m — 1;

e the map 0 : S x R™ x RU=Dm=1) 5 ¢ () defined by
(pvwla . 'awmawlv cee awmfl) = (pawlawllva}%wéa s 7(Dmflyw£n—17wm)

where w! = w; —p1w} —.. .—pl_lwffl, fori=1,... m—landw,, = > i~ fi(p,w;)—
> wis
Balasko shows [2, p.73-74] that the composition mapping ¢of is the identity mapping and
that the equilibrium manifold F is the image of the mapping 6. By [2, Lemma 3.2.1] E
is a smooth submanifold of S x Q, globally diffeomorphic to § x R™ x R-1D(m=1) — Rim
ie. ¢ p =RM.

In order to better understand the geometric structure of F, the following two subsets
of E are introduced: the set of no-trade equilibria T = {(p,w) € E| fi(p,p- w;) = wi, i =
1,...,m} and the fiber associated with (p,w1,...,wy,) € S x R™ which is defined as
the set of pairs (p,w) € S x Q such that:

e p-w=w; fort=1,...,m;

o > iwi =) filp,wi).

By defining the two smooth maps f : S x R™ — S x R™ where f(p, w1, ..., wy) =
(0, filp,w1), - oy fr(pywm)), and @piper + E — S X R™, where dpiper(p, wi, - -, wm) =
(p,p-wi,...,p-wm), because f(SXR™) =T C E and ¢piper o f is the identity mapping,
by applying [2, Lemma 3.2.1], Balasko shows [2, Proposition 3.3.2] that T is a smooth
submanifold of F diffeomorphic to S x R™.

By construction, every fiber associated with (p, w1, ..., w,) is a subset of E which is
the inverse image of (p, w1, ..., wy,) via the mapping @piper. It is intuitively clear that
while holding (p, w1, ..., wy) fixed and letting w varying along the fiber, there are not
any nonlinearities which may arise from the aggregate demand. In fact the fiber is a
linear submanifold of F of dimension (I — 1)(m — 1) [2, Proposition 3.4.2].



Since every fiber contains only one no-trade equilibrium [2, Proposition 3.4.3], the
equilibrium manifold E can be thought as a disjoint union of fibers parametrized by
the no-trade equilibria 7' via the mapping ¢jp : E — S x R™ x RE-DM=1): for a
fixed (p,w1,...,wy) € S x R™, each fiber is parametrized by @1,...,wn—1. By letting
(p, w1, ..., wy) varing in S x R™, we obtain the bundle structure of the equilibrium
manifold. Finally, the natural projection m : E — €) is the smooth map defined by the
restriction to E of the projection pr: S x Q — Q, (p,w) — w.

For convenience, we sum up in the following Figure 1 these geometric relationships.

f
S x R™ T  (no trade equilibria)

Rl x R™-1 P (Pareto optima)

Figure 1: Geometric construction.

The map p: P — S x R™ is defined by (z1,...,2m) — (9(z),9(z) - z1,...,9(x) - ),
where g(z) = (%, cee %)(wl) is the price supporting the allocation = = (z1,...,Tm).
The map R associates to (r,uf,...,u),_;) the Pareto optimum representing the unique
solution to the problem of maximizing um,(z;,) subject to >, x; = r and u;(z;) >
ui,i = 1,2,...,m —1. The map 0 : § x R" — R x R™™1 associates to (p,w)

(> filp,wi), ur (fi(pywi))s - s um—1(frn—1(P, Wm—1)-

If total resources are fixed, the equilibrium manifold is defined as

E(r) ={(p,w) € S xQr) [ Y filp,p-wi) =1},
i=1



where 7 € R! is the vector that represents the total resources of the economy and
Qr) = fw € R | 7wy = 1},

Let B(r) = {(p,w1,...,wm) € S xR™| 3", fi(p,w;) = r} be the set of price-
income equilibria (see [2, Definition 5.1.1]). We have that ¢(E(r)) = B(r) x RU=Dm=1),
B(r) is a submanifold of S x R™ diffeomorphic to R™~! [2, Corollary 5.2.4] and the
equilibrium manifold E(r) is a submanifold of S x Q(r) diffeomorphic to R{™~1) [2,
Corollary 5.2.5]. The following result shows the connection between the curvature of
B(r) and the uniqueness of equilibrium.

Theorem 2.1 [2, p. 262 Proposition 7.Ann.1] There is uniqueness of equilibrium for
every economy w € Q(r) if and only if the manifold B(r) embedded in S x R™ 1 is
perpendicular to S x (0). The manifold B(r) then becomes equal to {p} x R™~1.

Notice that a flat B(r) (i.e. zero curvature) does not imply that the equilibrium
manifold has zero curvature. Moreover B(r) is not a submanifold of E(r), since it “lives”
in the dual space of the set of price-income vectors [2, Chapter 7]. Its counterpart, in
the space of economies (), is the set of Pareto optima, which is diffeomorphic to 7', a
submanifold of E(r). Hence there is not apparently any equivalence relationship between
the curvature of the equilibrium manifold and uniqueness of equilibrium. To the best of
our knowledge, the following result is the only known connection.

Theorem 2.2 [2, p. 188 Theorem 7.3.9 part (2)] If for every w € Q(r) there is unique-
ness of equilibrium, the equilibrium correspondence is constant: The equilibrium price
vector p associated with w does not depend on w.

Therefore, according to this result, if there is uniqueness of equilibrium, the equilibrium
manifold is a plane and, hence, its sectional curvature vanishes. The aim of this paper
is to show that the converse of Theorem 2.2 also holds, if | = 2 (see Theorem 4.1).

3 Mathematical preliminaries

Some economists may not be unacquainted with differential geometry. Even if it is not
possibile to make this paper self contained, we hope that the reader may benefit from
reading this section, where some standard facts of differential geometry are recalled. Our
main reference is [4].

A subset M*¥ c R™ is a reqular surface of dimension k, k < n, if for every p € M
there exists a neighborhood V of p € M in R” and a mapping z : U C RF - M NV
of an open set U C R onto M NV such that x is a differentiable homeomorphism and
the differential dz, : R* — R” is injective for all ¢ € U. If n —k = 1, M is called
hypersurface.

The visual intuition in R3 of the previous definition is that a surface S = M? can be
seen as the result of glueing together deformed pieces of planes in such a way that for
every point p € S, the tangent plane 7, p(S)1 can be defined. The Gaussian curvature

!The vector subspace dx,(R?) C R® represented by all tangent vectors to S at x(q) = p.



at a point x(q) = p € S measures of how much the surface “departs” from its tangent
plane. Since a plane is defined by a point p and normal vector attached to it, the rate
of change of this normal vector provides a measure of how fast the surface departs from
its tangent plane in a neighborhood of p.

To formalize this concept in local coordinates, let z : U C R?2 — S be a parametriza-
tion of a surface S and denote by {z,,z,} the basis of T),(S) where dz,(e1) = =z,
dz4(ey) = m, and {e1, ez}, is the canonical basis in R?. Since, by the definition of reg-
ular surface, we have that vector product z, A x, # 0, we can define for every point
p € z(U) a map N which associates to p the unit normal vector at p, i.e.

Ty N\ Ty
N(q) = ,xu/\%’(q)-
N is a differentiable field of unit normal vectors. The regular surface is called orientable
if admits IV on its whole surface. The choice of N is called an orientation.

The map N : S — S? is called the Gauss map. Its differential dN, is a linear
transformation of the tangent space of S (because TN(p)52 can be identified with the
parallel plane T,(S)) and provides the rate of change of how the surface pulls away
from T,(S) in a neighborhood of p. This measure depends on the direction in which we
move away from p € S. More precisely, let a = z(u(t),v(t)) be a curve in S such that
a(0) = pand w = &/(0). The dot product II,,(w) = — < dNp(w), w > is called the second
fundamental form and its value represents the normal curvature along a direction w at
p. If we restrict ourselves to directions represented by unit vectors, then the continuous
map 11, defined on the unit circle admits a maximum k; and a minimum kg, k1 > ko,
called the principal curvatures at p, with principal directions e; and eo, respectively. As
an example, in a plane or in a sphere k; is equal to ko: all directions are extremals for
the normal curvature.

Since dN,, is a self-adjoint operator , i.e. < dNp(w1), w2 >=< wi,dNy(wz) > for
all wi,wy € Tp(S), by standard results of linear algebra ([3, Appendix to Chapter 3]),
there exists an orthonormal basis {e;,ea} of T,,(S) such that e; and k;, i = 1,2, are,
respectively, the eigenvectors and eigenvalues of dV,,. The determinant of dN,,, given by
the product of the principal curvatures, kiks is called the Gaussian curvature K (p).

We now write the curvature formula using the coordinate system, i.e. the parametriza-
tion of S. Let w be a vector belonging to 7),(S) which can be thought as a tangent
vector to a curve «(t) = z(u(t),v(t)) such that «(0) = z(up,vg) = p. Observe that the
natural standard product in R3 naturally induces in 7,,(S) a symmetric bilinear form,
called the first fundamental form and denoted by I, : T,(S) — R. In the standard
basis {zy,z,}, we have I,(w) =< w,w >p= I,(¢/(0) =< z,u’ + 2,0, 20" + 2,0 >=
E()? + 2Fu'v' + G(v')?, where E =< y, 1, >, F =< 4,7, > and G =< z,, 2, >.
Hence the associated matrix of I, is

E F
(F o)

In order to express the matrix of dN, in the basis {z,,z,}, consider the tangent
vectors N, = dNp(z,) and N, = dNy(z,). Since N, and N, belong to T,,(S), one can



write Ny = a112y + a212y, Ny = @122y + ag2x, and dN(w) = Nyu' + Ny, ie. the
associated matrix (a;;) of dN, is given by

ailp ai2
az1 a2

Finally, we have that II,(w) = — < dN(w),w >= — < Nyu' + N,v', zu' + 2,0 > .
Ifwelete=— < Ny, xy >=< N, Ty >, f=— < Ny, Ty >=< N, Zyp >=< N, Ty =
— < Ny,zy > and g = — < Ny, 2, >=< N,x,, >, we can express /I, in the basis

{zy, zy} as the matrix:

(5 3)
f9)
As a straightforward computation, we get

—f =< Ny, 2y >= a1 F' + anG
—f =< Ny,xy >= a12F + anF
—e=< Ny,xy >=anF + a1 F
—g =< Ny, xy >= a12F + a2G

(o) ) (o)
[ g as axp) \F G)’
Hence we have that the Gaussian curvature is

_eg— f?
 EG - F?

or, in matrix form,

K = det(aij)

The above formula can be rewritten as follows. Recalling that

Ty N X det(Tyy, Ty, T
e —< xuu,N>:< Loty u v o ( uusy Lus ’U)

|y A Ty - |y A Ty

and, similarly, det( )
_det(Zyy, Ty, Ty

=

|y A Ty

and
g det(xyy, Toy, Ty)

|z ATy

we can write

K = det(xwuxu; xv)det(xvva .Z'u,ﬂfv) B det(xuvwru; xv)2
(lzul Pllzol? = < 2o, 2y >2)?




3.1 Parametrization and curvature of E(r) for | =m = 2.

We recall that ¢(E(r)) = B(r) x RE=D=1) and the manifold B(r) is diffeomorphic to
{r} x R™=! through the map §. When [ = m = 2, FE(r) is a surface and

B(r) = {(p, w1, w2) | fi(p, w1)+fa(p,w2) = 1)} = {(p,w1) | f1(p, w1)+ fo(p,pr—w1) =1}
is globally diffeomorphic to R. Hence , there exists a diffeomorphism
@ :R = B(r),t—p(t) = (p(t), wi(t)).

This diffeomorphism is given by the inverse of the restriction to B(r) of the indirect
utility function
41+ S X R =R, d1(p,wr) = ur(fi(p, w1))

of the first consumer. Therefore a parametrization of
E(r) = {(p,wi,wi) | fi (p.pwi +wi) + fo (0, p(r1 — wi) + 72 —wi) =11}
is given by:
R B(r), (hwh) = (p(),w,wi(t) = wi (1) — p()wl).
Set v = wl, B(t) = (p(1), 0,1 (1)), 6(t) = (0,1, ~p(t)) then
O(t,v) = B(t) +vi(t).

The fact that @ is indeed a parametrization implies that

W = [ A ®,]| £ 0

By applying formula (1) we get the Gaussian curvature K of E(r) with respect to
the metric induced by the Euclidean metric of S x (r):

()
~r
Therefore K < 0. Moreover K vanishes if and only if —(p/(¢))* = 0 i.e. p is a constant,
say C. It follows that the map ¢t — wq(t) is a diffeomorphism and hence

E(r) = {(w,v) € R? |(C,v,w — Cv)}

K(t,v) =

is the horizontal plane p = C'in S xQ(r), namely a horizontal plane parallel to {0} x Q(r).
This shows that, in an economy with two agents and two commodities, the zero curvature
of E(r) implies uniqueness of equilibrium. This represents a particular case of our main
result, Theorem 4.1.

Remark 3.1 Observe that the assumption that the Gaussian curvature of a surface be
zero does not imply that the surface is a plane! In fact (see [3, Theorem p. 408]), a
complete surface in R? with zero Gaussian curvature is a plane or a cylinder where “...
a cylinder is a regular surface S such that through each point p there passes a unique
line R(p) C S (the generator through p) which satisfies the condition that if ¢ # p, then
the lines R(p) and R(q) are parallel or equal” [3, p. 408].



3.2 Hypersurfaces

For abstract manifolds M of higher dimensions, the computation of the curvature oper-
ator is more involved but our analysis and computations are quite simplified because we
are considering hypersurfaces. Moreover, for our purposes we will only need the sectional
curvature.

Let M be a submanifold immersed in R™. Observe that the Euclidean metric on R"”
naturally induces a Riemannian metric on M, by applying to the subspace T),(M) the
standard inner product of T),(R™) = R". A smooth vector field Y on M is a smooth map
Y : M — T'M, where the tangent bundle of M is the set TM = {(p,v)|p € M, v € T,M}.

In terms of the basis {%} associated to the parametrization z : U € R¥ — M, the
vector field Y'(p) can be expressed as

V() = Y al) g

=1

This notation suggests the idea of Y as an operator whose domain is D, the set of
differentiable functions on M. In fact, if f belongs to D, f: M — R, we can write

k
YN =Y a3 0),

=1

which means to take the directional derivative Vf of any smooth function f in the
direction Y (p).

For each p € M, T,(R"1) = T,(M) & T,(M)=*, a vector v € T(R"*1) can be splitted
into a tangential component v? € T,,(M) and a normal component vV € T,,(M)*. Since
the vector field % is not necessarily tangent to M, we define the covariant derivative
% of the tangent vector field Y on M as the projection of % on T,(M). Similarly to
what we have done for (Y f) we can define a rate of change of the vector field Y in the
direction of a tangent vector X, by denoting Vx Y = (%)to along any curve «a(t) € M
with a(tg) = p and o/ = X).

A tangent vector field on M can be locally extended on its ambient space (we will
use the bar notation when we refer to the ambient space). Let {8%, Ni,...Ny_i} be the
extended basis of T,,(R"), where N; denote the normal vectors for M. Following the
notation above, we have VxY = (VgY)7.

Denote by
B(X,Y)=V3Y —VxY

a local vector field on R™ normal to M. One can show that the map B is bilinear and
symmetric. It follows that the mapping H,, : T,M x T,M — R defined by
H,(z,y) =< B(z,y),n >, 2,y € T,M, n € (T,M)*

is a symmetric bilinear form. The second fundamental form of f at p along the normal
vector 7 is the quadratic form
I1y(z) = Hy(z, z)



to which it is associated the shape operator, a linear self-adjoint operator S, : T,M —
T,M, defined by
< Sﬂ(x)ﬂy >= Hn(a:,y) =< B(ﬂ%y)ﬂ? >

If N is a local extension of the vector n normal to M, then S,(z) = —(V,N)T. By the
symmetry of S, there exists an orthonormal basis {e;} of T},(M) with eigenvalues \;,
such that S(e;) = A\je;. The e; and \; are called the principal directions and principal
curvatures of the immersion f: M — R™. Let {x,y} be a basis of o, a two-dimensional
subspace of T,(M). The segments of the set of geodesics that start at p and are tangent
to o determine, in a normal neighborhood of M at p, a dimension-two submanifold S of
M. The Gaussian curvature of S is called the sectional curvature of o at p. If M is an
hypersurface, the sectional curvature of M is given by

K(ei,ej) = )\i/\j- (2)

4 Main result

In this section we consider an economy with two goods and an arbitrary number of
consumers. In this case the equilibrium manifold is an hypersurface. We establish a
connection between the uniqueness of equilibrium and the curvature of E(r). More
precisely, we show that the price is unique if and only if E(r) has zero curvature.

Theorem 4.1 Letl = 2. A necessary and sufficient condition for a unique equilibrium
price is that the curvature of E(r) is zero.

Proof: The implication that uniqueness of equilibrium implies that the curvature of
E(r) is zero is proved by Balasko in Theorem 2.2. We need to show the other implication,
which is our main result. Let n be m — 1. The manifold B(r) is globally diffeomorphic
to R™ via a diffeomorphism

@ :R" = B(r),t = (t1,...,tn) = (p(t), w1(t),...,wy(t)).
By setting a; = wjl-, a parametrization of E(r) is given by:

O R = E(r), (t,a1,...,a,) — (p(t),ar,wi(t) — p(t)oa, ..., o, wp(t) — p(t)oy).

. ow; .
Setting py;, = %,wﬁk = BTw;:’J’k =1,...,n, we get:
(ba]':((L ,0, 1,7 -p , 0, 70) (3)
2j 2j+1
(I)tj = (ptj ) 07 wltj - ptjalv o 707 wntj - ptj an) (4)

and {®y,,..., P, Poyy.. ., Py, } is a basis of T, E(r) at © = ®(t, a4, ..., ) € E(r).

10



Consider the (n + 1) x n—Jacobian matrix of the map ¢

pt1 v ptn

wltl e wltn
Jp =

Wnty .- Wnt,

and the determinants of its n X n submatrixes

Pty I
wltl . ’U}ltn
w1, ... Wi,
Ay = CA=] A
Wity e Wit,
wntl e wntn
Wnty ... Wnt,

where A; is obtained by deleting the (j + 1)-row from the matrix J.
By setting

wit, — P11 ... Wi, — Pt, 01

A— : .

Wnty — Pt1Cn - - Wnt,, — Pt,COn

it is easily seen that
V(twia s awrlz) = (Aa 7A1p7 7A17 A2p> A2> SRR (71)114]]), (71)JA])

is a nonvanishing normal vector field of E(r), i.e. v(t,aq,...,a,) € (T,E(r))*t at each
x=®(t,aq,...,an) € E(r), where, with a slight abuse of notation, we also denote by
A, Aj, j =1,2,... the determinants of the respective matrices. (The fact that v does
not vanish follows by the fact that A(¢,0,...,0) = Ag and A3+ A2 +---+ A2 # 0 which
follows by the fact that the rank of ¢ is n for all t € R™).

Therefore a unit normal vector N = 7 at the point = = O(t,aq,...,an) € E(r) is
given by:
1
N = B_E(Av _Alpa _Ala A2p7 A27 SRR (_1>nAnp7 (_1)nAn)7 (5)
where
n
B=A"+(1+p%)) A% (6)
j=1
Let z9 = ©(£,0,0...,0) (i.e. fort =% a1 =+ = a;, = 0) and consider the n + 1-

dimensional subspace V; C T,,E(r), i = 1,...n, spanned by the vectors ®,,, ..., @4, , Dy,,
where we are denoting with the “bar” the value of ®,,, @, , P, at the point (¢,0,...,0).

Set -
B, 1

e; = = 0,...,0, 1 , =p ,0,...,0), j=1,...n. (7)
%l V1P Y
2j 2j+1



and, for fixed ¢,

; 1 pwy, Wy, PUWn, W
e - 8
n+l — M (pt’1+72’1+ﬁ2’ 1+p2 1+ t+zl+72 [o78) ()
where pf = p} + ﬁ(w%n 4 wdy).
Then it is straightforward to verify that ei,...,en, el 11 18 a g-orthonormal basis
of Vi with respect to the metric g induced by the Euchdean metric of S x Q(r). Let
€l y9,..., €5, be a g-orthonormal basis for V.-, the g-orthogonal complement of V; (we

do not need the explicit expression of this ba51s)
The entries of the 2n x 2n symmetric matrix which represents dN,, with respect to
the orthonomal basis eq, ..., e, efLH, ...€eh, are given by:

Nl :=dNg(e}) el = dNg(e}) e, a,f=1,...,2n.
Notice that
To, | _ dNay(@a)) _ N,

[ @, || V1+p?

Hence after a straightforward computation one gets, for j =1,...n

deo(ej) = ANy, (

dNIo(ej) ==

It follows by (7) and (9) that
e =dNgo(ej) er =0, jk=1,...n. (10)

(notice that, by contruction, N ik does not depend on 7).
On the other hand, by (8) and (9) we get

(NI

— 1 -
4 . ‘ (—1)74;B 2p, (~1)/AgA;B *
i =N =dNg(e;)el = i [Aop +§j
s 1 1, 1 _ —
gt T ety T T Ve w1

Observe that Zoﬁti + Zgzl(—l)kﬂkmti vanishes for all i = 1,...,n being the deter-
minant of the (n 4 1) X (n 4 1) matrix

VoA Wi,

Py, R Py,
Wiy, .. Wi, Wik,
wntl e @ntn wn,ti

Hence

12



1

jn+1 — _ — s by — Ly-
" fi, /1 +D°

Notice that if the sectional curvature of E(r) (with respect to the metric g induced by
the Euclidean metric of S x Q(r)) vanishes then the rank of the matrix {Nuyg}ta,g=1.... 2n
is less or equal to 1. If, in particular, the sectional curvature vanishes at xg then, in
particular, for all 4,7 = 1,...n the 2 x 2 matrix

.M. (11)

< NJJ Nj,nJrl )
2 ]
Nn+1,j Nn+1,n+1

has zero determinant, i.e., by (10) and (11),

Hence either p,, = 0 for alli = 1,...,n or Zj =0forall j=1,...,n. Since p; and
A; do not depend on a1, ...ay,, it follows by (5) that in both cases the normal vector
N of E(r) at any point = ®(t, aq, ..., ay) is constant, namely N, = (1,0,...,0), and
hence E(r) is an hyperplane in S x Q(r) parallel to {0} x Q(r). The proof concludes by
combining this result with Theorem 2.2. O

Remark 4.2 Actually a more general result has been proved: namely, it is enough to
have zero curvature at zg to deduce the uniqueness of equilibrium for every w in Q(r).
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