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Abstract

In this paper we present a continuous time model with reversible
abatement capital in order to analyze the effects of environmental
policies on the value of the firm and investment decisions. We show
that the effects depend on what sort of future policy are implemented.
We focus on investment effects of changes in corrective taxes to con-
trol the use of polluting inputs, and subsidies to promote abatement
investment. We show that (1) while taxes have a depressive effect
on capital accumulation, subsidies boost investment; (2) the impact
of these policies on the value of the firm is ambiguous. This latter
result has important empirical implications insofar as investment are
based on the average value of the firm rather than the (unobservable)
marginal value.
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1 Introduction

This paper examines the effect of environmental policies on the abatement
investment decisions of a competitive firm, facing pollution uncertainty. The
relationship between economic decisions and pollution dynamics has been ex-
tensively studied over the last decade (Bretschger and Smulders, 2007; Egli
and Steger 2007; Soretz, 2007). The standard problem concerns the optimal
timing of a discrete policy that a society or a government should adopt to
reduce emissions of environmental pollutant. Some common features charac-
terize this class of models. Smulders and Gradus (1996), and Soretz (2007)
model pollution as an externality which affects the productivity of inputs
and/or utility of consumption. Fisher (2000) and Pindyck (2000) remark
that irreversibility is a feature that frequently comes into play together with
pollution, shaping the optimal abatement investment strategies. Pindyck
(2000) emphasizes that abatement investment and pollution have to do with
the effects of uncertainty, and that when irreversibility and uncertainty come
together, delaying policy adoption may be optimal for an investor.

These models captured a growing attention and many theorists investi-
gated the consequences of environmental policies on abatement investment
strategies using the real option value approach (Fisher, 2000; Pindyck, 2002;
Lin et al., 2007; Ansar and Spark, 2009; Lin and Huang, 2010).

More recently, Lin and Huang (2011), and Saltari and Travaglini (2011)
(hereafter LH and ST) extended the basic model of option value, shifting
the attention from the net social benefits of a policy, to the net private
benefits of a firm investing in clean capital goods. As they argue, an efficient
energy-saving or abatement investment programme need to take account of
the trajectory of costs and profits over time associated to the project, rather
than just at a single point in time. Both these papers are related to the
literature on optimal stopping time, but they start from different assumptions
and reach different results.

Specifically, LH study the entry and exit strategy in energy industry, using
an option value approach which allows to manage the flexibility of environ-
mental real assets (Dixit and Pindyck, 1994). They combine the concept of
Tobin’s q - the viewpoint of firm value - and the concept of real option to de-
termine the optimal stopping time of adopting a new energy-saving project.
In their setup, the firm has the monopoly right to invest in a single, dis-
crete project, and future discounted profits and costs are assumed to follow
a geometric Brownian motion. As they show, the greater uncertainty makes
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waiting more valuable relative to investing at once, reducing the present value
of the active “green” firm relative to the one of the idle.

However, ST argue that in many situations investments are made sequen-
tially by the firm choosing the time path of its capital stock. Therefore, they
sustain, it must be specified in more detail how abatement investment de-
cisions are affected by adjustment costs of investment, and how alternative
environmental policies impinge upon the optimal investment strategy chosen
by the green firm. Following this idea, ST examine the effects of environmen-
tal policies aimed at stimulating private investment in pollution abatement
capital. In their framework, firm operates in a competitive market, capital is
irreversible, and pollution follows a geometric Brownian motion. Basically,
aggregate pollution is seen as an externality which affects the investment
decisions of any single firm. They show that, with irreversibility and uncer-
tainty, environmental policies promoted to enforce abatement capital may
generate the unexpected result of reducing the firm value and the abatement
investment rate. Interestingly, ST underline that their results generalize LH’s
results because their model not only provides the optimal stopping time of
the investment strategy, as it is in LH, but also how much to invest in a new
abatement project at each instant of time.

The model developed herein is a version of the ST model because it stud-
ies the effects of environmental policies under the assumption of pollution
uncertainty but reversible capital. The questions at the heart of the present
paper are: is the blend between irreversibility and uncertainty a necessary
condition to determine the counterintuitive effects of environmental policies
on investment decisions of a firm? Are taxes and subsidies equivalent instru-
ments to stimulate abatement investments?

To investigate these questions we scrutinize the properties of an invest-
ment model where aggregate pollution is an externality which affects nega-
tively the productivity of inputs. We assume however that abatement invest-
ment is reversible. We further assume that the cost of investing is given by
a quadratic cost of adjustment. In this setup, incentive-based instruments
work by altering incentives for firm investment decisions. We focus on taxes
on the level of particular inputs (such as oil), and subsidies on abatement
capital. We get three main results. First, we show that corrective taxes
on the polluting input will reduce investment while subsidies will stimulate
them. Second, environmental policies can have a positive or negative impact
on the value of the firm, depending on the magnitudes of parameters affecting
the operating profit and the rents accruing to the firm. Finally, and for the
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same reasons, pollution uncertainty has an ambiguous impact on the value
of the firm.

The organization of the paper is as follows. First we introduce the pol-
lution process and the Bellman equation. We then relate the abatement
investment to the form of the investment cost function, discussing the case
of reversibility. Next we study the effects of environmental policies on both
the value of the firm and the optimal abatement investment decision. The
last section concludes.

2 The model

Let pt be a variable that represents the stock of aggregate pollution, say the
concentration of CO2 in the atmosphere. The flow of pollution pt evolves
according to the geometric Brownian motion:

dpt
pt
= (v − ϕ)dt+ σdzt (1)

where v is the instantaneous drift, σ is the instantaneous standard deviation,
and dz is the increment to a Wiener process with mean of zero and standard
deviation of

√
dt. Note that in equation (1) pollution growth is reduced by a

factor ϕ which measures the environmental benefits associated to the aggre-
gate abatement investments. In other words, the advantage in adding new
units of abatement capital is given by the growth rate ϕ which quantifies
the slowdown of pollution growth induced by the abatement activities of the
whole economy. It is helpful to rewrite equation (1) as

dpt
pt
= µdt+ σdzt (2)

where µ ≡ v − ϕ is the net instantaneous growth rate of pollution.
The firm undertakes gross abatement investment At and incurs depreci-

ation at a constant rate δ � 0. Thus, the change in the abatement capital
stock Mt is:

dMt = (At − δMt) dt (3)

and in steady state At/Mt = δ.
Pollution enters as a negative externality in the production function of

any single firm, decreasing the productivity of inputs (Smulders and Gradus,
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1996; Bretschger and Smulders, 2007). Conceptually, we treat aggregate
pollution as a negative technical change. The production function has the
Cobb-Douglas form:

Yt = Uα
t

(
p−βt Mt

)1−α
(4)

where α is the income share of the polluting input and satisfies the inequal-
ity 0 < α < 1. The Cobb-Douglas specification is, perhaps, restrictive (due
to the unit elasticity of substitution), but it is adopted here for its analyti-
cal tractability (Bretschger and Smulders, 2007; Mulder and Degroot, 2007;
Shadbegiana and Gray, 2005).

The firm produces at each instant of time an output Yt using Mt units of
abatement capital and Ut units of polluting input. Because of the pollution
externality, the effective units of capital are reduced by a factor pβt , so that
in efficiency units capital is Mt/p

β
t . In this formulation β is a measure of

the strength of the effects of aggregate pollution on abatement capital: the
higher is β, the lower is the capital in effective units (Smulders and Gradus,
1996). Equation (4) can be rewritten as

Yt = p−ǫt
(
Uα
t M

1−α
t

)
(5)

with ǫ = β(1−α) to emphasize that pollution is a global externality affecting
negatively the level of output.

The firm pays a fixed unit cost ω to use the polluting input Ut and an
exogenously environmental tax rate τ to employ the input, so that total cost
of Ut is (ω + τ )Ut. The tax τ internalizes the externality by inducing the firm
to behave as if pollution costs enter its private cost function. In addition,
tax τ alters the payoffs that firm faces because the operating profit at time
t equals instantaneous revenue minus total cost,

πt = p−ǫt
(
Uα
t M

1−α
t

)
− (ω + τ )Ut

The firm chooses Ut to maximize the instantaneous operating profit πt. It is
easily shown that

max
Ut

p−ǫt
(
Uα
t M

1−α
t

)
− (ω + τ )Ut = hpθtMt (6)

where h = (1− α)
(

α
ω+τ

) α

1−α > 0 and θ = −β < 0. Note that hpθt is the
marginal revenue of abatement capital at time t, and the pollution effect on
operating profit is negative.
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2.1 The value of the firm

The value of the firm is

V (Mt, pt) = max
As

E

∫
∞

t

[
hpθsMs − c (As) + ηAs

]
e−rsds (7)

where r > 0 is the (assumed) constant interest rate. In equation (7) the cost
for increasing the stock of abatement capital by As is c (As) − ηAs, where
c (As) denotes the cost of investing at the rate As, and 0 ≤ η ≤ 1 is a
subsidy potentially given by the government to cover some of the expenses
for expanding the abatement capital by As. Note that taxes and subsidies are
different in their effects on profits. A firm gains an additional income from an
abatement subsidy η only when it decides to invest; whereas, a tax τ results
in a loss to the firms since it pays tax on all polluting inputs employed in
production. As we will see, in detail, below, the asymmetric effect on profit
of taxes and subsidies will shape the firm’s investment abatement decisions,
and the impact of a specific environmental policy.

The value of the firm satisfies the following Bellman equation

rV (M,p) dt = max
A

[(
hpθM − c (A) + ηA

)
dt+ E (dV )

]
(8)

(we suppress time subscripts unless they are needed for clarity). Applying
Ito’s lemma to E (dV ) we get the expected change in the value of the firm
over the time interval dt

E (dV ) =

[
(A− δM)VM + µVpp+

1

2
σ2Vppp

2

]
dt (9)

Since VM ≡ q is the marginal valuation of a unit of installed capital, substi-
tuting q for VM in (9), and then substituting (9) in (8) yields

rV (M, p)= max
A

[
hpθM − c (A)+ηA+(A− δM) q + µV pp+

1

2
σ2Vppp

2

]

(10)
This expression can be simplified by “maximizing out” the rate of investment
to obtain:

rV (M, p)= hpθM + ψ − δMq + µVpp+
1

2
σ2Vppp

2 (11)

where
ψ ≡ max

A
[Aq + ηA− c (A)] (12)
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In expression (12) ψ is the value of the rents obtained from undertaking
investment at the rate A. When the green firm invests, it acquires Adt units
of capital, whose value is (qA+ ηA) dt, but it pays c(A)dt to increase the
abatement capital. Hence, Aq + ηA − c (A) is the net value the firm gains
per unit of time to invest at the rate A.

2.2 Investment, value and rents

Let us explore equation (12) a little further. We assume that abatement
capital is reversible. We use a specialized version of the framework of Abel
and Eberly (1997), under the assumption of reversible abatement capital
stock. The case of irreversibility is studied in ST (2011).

We here assume that the cost of investing at time t is given by the fol-
lowing convex function:

c(At) = bAt +
γ

2
A2t (13)

where bAt is the fixed cost for purchasing abatement capital at the rate At;
and γ

2
A2t is a quadratic cost of adjustment. Using (13), equation (12) becomes

ψ ≡ max
A

[
Aq − (b− η)A− γ

2
A2
]

(14)

Because the investment cost function is convex, the firm earns rents on in-
framarginal units of investment when investment is non zero, that is, when
q �= b− η that is when q + η �= b.

The rents ψ are illustrated in figure 2.2. The convex curve represents the
net cost function (b− η)At +

γ

2
A2t . It is strictly convex, passes through the

origin, and has a slope equal to b − η at the origin. When q > b − η the
marginal value of capital is greater than the net cost of capital, so the straight
line representing qA is steeper than (b− η)At +

γ

2
A2t at the origin. In this

case, q exceeds the net cost for some positive values of A > 0, and the optimal
value of investment A is the value that maximizes Aq − (b− η)A− γ

2
A2. In

figure 1 the rents ψ, for positive value of the investment, are shown as the
vertical distance between the straight line and the curve at A.

Note, however, that when q
′

< b − η the straight line representing q
′

A
is less steep than (b− η)At +

γ

2
A2t , at the origin. In this case, q′A exceeds

(b− η)At +
γ

2
A2
t for some negative values of investment. In this scenario,

the optimal value of investment A′ is negative, and the value of the rents ψ
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and Settings/Administrator/Local Settings/Temporary Internet
Files/Content.Outlook/X4MWN35I/adjustment.wmf

is again shown as the vertical distance between q
′

A and (b− η)At +
γ

2
A2t at

A
′

. Since the optimal gross investment can be negative or positive when the
cost function is given by equation (13), we consider this case as one in which
abatement investment is reversible.

To sum up, the optimal investment solution takes the form

A∗ =
1

γ
[q − (b− η)] (15)

and the optimal rents are given by the expression

ψ∗ = [q − (b− η)]2
1

2γ
(16)

Equations (11) and (16) together generate a non-linear second order partial
differential equation. But, we imposed enough structure on our intertem-
poral problem to obtain an explicit solution. Appendix A.1 shows that the
solutions below satisfy equations (11) and (16)

V (M, p) = q(p)M +G (p) (17)
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where

q(p) =
hpθ

r + δ − µθ − θ
2
(θ − 1) σ2

≡ Bpθ (18)

and

G (p)=
1

2γ

[ (
Bpθ

)2

r − 2µθ − θ (2θ − 1)σ2 − 2
Bpθ (b− η)

r − µθ − θ
2
(θ − 1)σ2

+
(b− η)2

r

]

(19)
where B = h

r+δ−µθ− θ

2
(θ−1)σ2

. Further, recall that G(p) = 0 when q = b − n,

since at this point the slope of the adjustment cost function is equal to the
marginal q, and the rents are equal to zero by definition (see figure 2.2).

To complete the analysis of equation (19), notice that the denominators
in the formula are the growth-adjusted discount rates, assumed positive to
assure convergence. In detail, since b−η is a constant, there is no adjustment
for the discount rate r. The adjustment factor is instead needed for the middle
term in parenthesis since q = Bpθ. In fact, pθ has the lognormal distribution
whose expected growth rate is θµ+ θ

2
(θ − 1) σ2, so that r is adjusted by this

factor. Finally, since q2 =
(
Bpθ

)2
, the corresponding expected growth rate is

2θµ+ θ (2θ − 1)σ2, and the discount rate must be adjusted in consequence.
Several results follow immediately from these conditions. First, we ob-

serve that the value of the firm is a linear function of the abatement capital
stock M , since the slope of q is independent of M. For a competitive firm
with constant returns to scale of production, the marginal operating profit
depends only on the direct cost (ω + τ ) of the polluting input, and, thus,
it is independent on the capital stock M. Second, the rents G(p) and the
value V (M, p) depend on both q and η, given the interest rate r and the
other parameters. Finally, investment A is an increasing function of q. But
q depends on pollution p and taxes τ , whereas it is not affected by subsidies
η.

Obviously, these features affect the value of the firm when the environ-
mental policy changes. This focal matter is examined in the next section.

3 Environmental policy and its implications

In this section we address two policy issues: first, we investigate if, in the
model described above, taxes and subsidies are equivalent instruments to
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stimulate abatement investments; second, we wonder, what are the effects of
those policies on the value of the firm?

3.1 Taxes τ

To see what are the effects of an increase in tax on investment, recall that
investment depends positively on q. Thus, it is straightforward to realize that
an increase in τ reduces investment. In fact, taxes directly affects the cost of
the polluting input U. We know that the marginal revenue of capital is hpθ

with h = (1− α)
(

α
w+τ

) α

1−α > 0. Hence:

dh

dτ
< 0 (20)

Expression (20) says that as τ increases h decreases, and, therefore, so does
hpθ. Hence, an increase of τ reduces the marginal q value of the firm and thus
investment. Notice that this is a distorsive effect. The aim was to reduce
pollution but the result is a reduction in abatement investment.

Let us now scrutinize the effect of a tax τ increase on the value of the
firm. While the effects on q are clear, the same cannot be said for the rents.
The change in τ also alters the present value of rents but in an indefinite
direction since

∂G (p)

∂h

∂h

∂τ
⋚ 0 (21)

This is because the the sign of the first derivative is indeterminate:

∂G (p)

∂h
=

pθ

γ

1

r + δ − µθ − θ
2
(θ − 1) σ2

[
q

r − 2µθ − θ (2θ − 1) σ2 −
b− η

r − µθ − θ
2
(θ − 1) σ2

]

(22)
The above derivative (22) is just an algebraic illustration of the relationship
depicted in figure 2.2. Looking at this picture, it is evident that rents ψ are
positive both when q < b−η and when q > b−η, and equal to zero when q =
b− η. Recall, however, that the present value of rents G(p) depends directly
on tax τ. Hence, ψ has a non linear pattern: it is positive but decreasing,
until q = b − η where it becomes equal to zero, and it is positive and rising
afterwards. This nonlinearity shapes the function G(p) and its relation with
τ. This in turn means that a tax increase may reduce or increase the value
of the firm.
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3.2 Subsidies η

Let us now focus on the subsidy η. An increase in subsidy directly impacts on
investment by decreasing the cost of purchasing capital goods. Differently
from a tax increase on the polluting input, a subsidy increase stimulates
investment in abatement capital by directly reducing its purchasing cost.

Let us now focus on the value of the firm. The incentive deriving from
a subsidy increase directly affects the present value of rents G(p), without
affecting the q value. Looking at the effect of a change in subsidy, we get the
expression

∂G (p)

∂η
=
1

γ

{
q

r − θµ− θ
2
(θ − 1)σ2

− b− η

r

}

� 0 (23)

But, as in the case of a tax increase, the effect of an increase in subsidy on
the value of the firm is indeterminate. At first sight, this result may appear
counterintuitive. The ambiguity of the relationship depends on two features:
firstly, subsidies affect directly the cost of the investment rate; secondly, the
adjustment cost function is convex, and this non linearity affects the optimal
investment decision.

The above equation (23) can also be clearly seen by looking again at figure
2.2. Begin in the region where the marginal cost of investment (b−η +γA) is
grater than the marginal q value of the firm so that A < 0. If we now increase
the subsidy, disinvestment will decrease, thus reducing the rents accruing to
the firm. This result implies that in this region ∂G (p) /∂η < 0. However,
once past the value of q = b− η, where A = 0, investment becomes positive,
A > 0. In this region an increase in subsidy will increase investment and
thus the rents, implying that ∂G (p) /∂η > 0. To sum up, in this case too the
effect of environmental policy on the value of the firm is ambiguous.

4 Conclusion

Lin and Huang (2011) demonstrated that the theory of Tobin’s q and real
options can be usefully employed to evaluate the feasibility of investing in
energy-saving equipment. Saltari and Travaglini (2011) emphasized that,
with irreversible capital and pollution uncertainty, the value of a firm cap-
tures the option value of the costly technology for disinvesting. Both these
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papers provide a new flexible thinking for decision making criteria in envi-
ronmental issues. Nonetheless, these papers do not provide an analysis of
the effect of environmental policies when abatement capital is reversible.

Here, we presented a continuous time model with reversible abatement
capital in which the effect of environmental policies on the value of the firm
and investments depends on what sort of policies are implemented, focusing
in particular on investment effects of changes in corrective taxes, to control
the use of polluting inputs, and subsidies, to promote abatement investment.
We have shown that taxes and subsidies have opposite effects on investment
and that the impact of these policies on the value of the firm is ambiguous.

In our framework, pollution is an externality which affects negatively the
productivity of the firm. Abatement investment is affected by pollution and
quadratic adjustment costs. Both, pollution and adjustment costs influence
the impact of policies aimed at promoting abatement investment. Specifi-
cally, an increase in tax rate reduces the marginal revenue of capital, inducing
a lower investment rate for any given pollution level. Therefore, if correc-
tive taxes have the indirect effect of reducing the after-tax return of private
capital, the firm can find optimal to lower investment rather than raise it.
Conversely, subsidies will stimulate abatement investment.

Nonetheless, the effect of these policies on the value of the firm is in-
determinate. The main reason is that when taxes or subsidies change the
(present value of) rents change in a non-monotonic way because of the form
of adjustment cost function. Thus, environmental policies have an ambiguous
effect on the value of the firm, depending on the magnitudes of parameters
affecting the operating profit and the rents. For the same reasons, even an
increase of pollution uncertainty has ambiguous effects on the value of the
firm. This ambiguity has important empirical implications since it implies
the average q̂ value of the firm changes in an unpredictable way.

This has important implications for the relationship among marginal q
and average q̂ value of the firm and the rate of investment. At each instant
of time the firm chooses the rate of investment. In theory, as we saw above,
investment depends on the marginal value of the firm, q. But the average
value of the firm q̂, namely the ratio of the market value of the existing
capital to its replacement cost

q̂ =
V (p)

(b− η)M
=

qM +G(p)

(b− η)M
(24)

is the only operational index that the firm can observe and use during in-
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vestment process. Comparing average q̂ with marginal q, we notice that the
change in q̂, in response of a change in either taxes or subsidy, is ambiguous,
while that of marginal q is determinate. Thus, since environmental policies
have ambiguous effects on G(p), they will have indefinite effects on q̂, as well.
Thus, as far as investment decisions are based on the average value of the
firm rather than its marginal value, the effects of changes in taxes or subsidies
on investment is unpredictable.

Finally, in this paper we studied the evolution of both the value of firm
and abatement investment under the assumption of ecological uncertainty.
But, the analysis of this paper is easily extended to allow uncertainty in price
and/or technology. Specifically, increased variance in the price or technologi-
cal progress leads to an increase in the operating profit, leading to an increase
in the optimal rate of investment. However, in this extended framework, the
environmental policies are again ambiguous because of the quadratic adjust-
ment costs. Therefore, the present framework does deliver predictions that
appear to be robust when environmental and economic consideration suggest
significant nonlinearities in behavior.
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Appendix

In this appendix we determine the value of the firm as a function of the
aggregate pollution p. We assume that V (M,p) is a linear function of M so
that

V (M, p) = q(p)M +G (p) (A.1)

To determine the functions q(p) and G (p) , substitute equation (A.1) in (11)
and use the expression for ψ in (16) to obtain:

rq(p)M + rG (p)=hpθM+ [q − (b− η)]2
1

2γ
−δMq+ (A.2)

+µpqpM+µpGp+
1

2
σ2p2qppM+

1

2
σ2p2Gpp

This differential equation must hold for all M. Therefore, the term multiply-
ing M on the left-hand side must equal the sum of the terms multiplying M
on the right-hand side. In addition, the term not involving M on the left-
hand side must equal the sum of the terms not involving M on the right-hand
side. This feature implies that

rq(p) = hpθ−δq+µpqp+
1

2
σ2p2qpp (A.3)

and

rG (p) = [q − (b− η)]2 1
2γ
+ µpGp +

1

2
σ2p2Gpp (A.4)

These equations have a recursive structure. The differential equation for q(p)
in (A.3) does not depend on G (p), but the differential equation for G (p) in
(A.4) depends on q(p). Hence, we employ a two steps procedure: we will
solve equation (A.3) for q(p), and then proceed to solve equation (A.4) for
G (p).

Equation (A.3) provides the marginal q value of installed abatement cap-
ital. It can be rewritten as

1

2
σ2p2q(i)pp + µpq(i)p − (r + δ) q(i)(p) + hpθ = 0 (A.5)

Simple substitution shows that the homogeneous part of the equation has
solution of the form q(p) = Cpλ, whereas the particular solution has the
form

hpθ

r + δ − µθ − 1
2
σ2θ (θ − 1)

(A.6)
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Intuitively, the particular solution is the present value of the marginal revenue
hpθ, and the denominator is the growth-adjusted discount rate, assumed that
strictly positive to assure that the firm has a finite value. Thus, the general
solution of equation (A.5) is:

q(p) =C1p
λ1 + C2p

λ2 +
hpθ

r + δ − µθ − σ2

2
θ (θ − 1)

(A.7)

The two terms in equation (A.7) C1p
λ1 and C2p

λ2 are the speculative compo-
nents of value. We can rule them out by invoking economic considerations.
Since λ2 < 0, that power of p goes to infinity as pollution p goes to zero. To
prevent the value from diverging, we must set the corresponding coefficient
C2 = 0. The other root is λ1 > 1 and this implies that the marginal value of
the green firm rises as the value of aggregate pollution increases. Restricting
our attention to the fundamental value of q(p) implies that C1 = C2 = 0.
Hence:

q(p) = Bpθ, where B ≡ h

r + δ − µθ − σ2

2
θ (θ − 1)

(A.8)

We will employ this solution to compute the value of the intercept term G (p)
which represents the present value of rents associated to the adjustment cost
function. It is determined by the differential equation (A.4). Since the rents
are 1

2γ
[q − (b− η)]2, the second order differential equation is:

rG (p) =
1

2γ
[q − (b− η)]2 + µpGp +

1

2
σ2p2Gpp (A.9)

The solution of the homogenous part is:

G (p) = D1p
z1 +D2p

z2 (A.10)

where z1 > 1 and z2 < 0, and D1 and D2 are constants to be determined.
Again, the solution of the homogenous part represents bubbles unrelated to
the fundamentals and can thus can be eliminated. Hence, the solution of
(A.9) is given by the particular solution:

G (p) =
1

2γ

[
q2

r − 2θµ− θ (2θ − 1) σ2 −
2q (b− η)

r − θµ− θ
2
(θ − 1) σ2

+
(b− η)2

r

]

(A.11)
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where G (p) indicates the present value of the rents accruing to the firm
because of the presence of adjustment costs. It can be verified, by direct
substitution, that this expression satisfies equation (A.9). Further G(p) = 0
when q = b− n, because at this point the rents are equal to zero.

Adding the two components of the value of the firm, we get the solution:

V (M, p) = q(p)M +G (p) (A.12)

which is the sum of two parts: the present value of profits associated to the
assets in place, q(p)M, and the present value G (p) of the rents accruing to
the firm because of the presence of adjustment costs.
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