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1. Introduction

The demographic variables, namely fertility and longevity, have been reedgoi be an important
determinant of the process of economic growth and development (see, ammamystothers,
Becker and Barro [2]; Mason [3]; Barro and Becker [4]; de la Caoid Licandro [5]; Barro and
Sala-i-Martin [6]; Fogel [7], [8]; Galor and Weil [9], [10];aBr and Moav [11]; de la Croix and
Doepke [12], [13]; Moav [14]; Kraay and Raddatz [15]). Indeed, the caarsgshe economic
consequences of the reduction in both birth and mortality rates, obserssyedral developed
countries in the recent decades (see, e.g., Livi-Bacci [h&))e led economists to deeply inquire
about the interrelationships between demographic and macroeconomic outCoreegason for
this being the tremendous policy consequences that the steadily reducing ntigdaeng (active)
people in total population as well as the steadily raising numbedefiylcan produce in the near
future! Indeed, there exists a burgeoning macroeconomic theoretical lieenired on growth
models with overlapping generations (OLG) that tries to shed lighh@mature and causes of
economic development by assuming either exogenous fertility (Chakrabor@hdkraborty and
Das [20]; Bhattacharya and Qiao [21]; de la Croix and Ponthiére [2Rhg and Wang [23]) or
endogenous fertility (Blackburn and Cipriani [24]) together with endogenietisnie.

In particular, Chakraborty [1] introduces endogenous risky lifetnmbe standard two-period
OLG model by Diamond [25] and considers a market for annuities (of teasksd persons) where
savings are intermediated through mutual funds. He assumes that thalpyotfasurviving from

the first period (youth) to the next (old age) depends on the individual rstattis, which is

! As an example, we may think about the provision of public pensidnsh are mainly organised on a pay-as-you-go
basis in several European countries: i.e., the income of cuvorkeérs is taxed away by the government to finance the
benefits received by current pensioners. Indeed, there existssive debates between economists to find appropriate
ways to reform the social security system (see, e.gsi Boal. [17], [18]; Cigno [19]) because of concerns duéhéo t

so-called population ageing.
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augmented through the financing of public investments in health. He shovwsteaty traps due
to scarce health investments can actually exist, because a s$if@rgpan acts as a disincentive to
save and accumulate capital further on. Chakraborty and Das [20]douddmodel with human
capital, private health expenditure and intentional bequests (i&. vimbs transfers) to study the
problem of persistent inequality between rich and poor countries. Bietyacand Qiao [21]
assume that the individual lifetime is dependent of the health statok is, in turn, augmented by
private health investments accompanied by a tax-financed public healthrpragrd show that the
economy may be exposed to endogenous fluctuations and even chaotic motions wineattne
and public inputs in the longevity function are fairly complementary. LendgMang [23] study a
model with a private system of health care services and findsthahg and health care are
complementary. From a normative point of view, instead, de la @raxPonthiére [22] show that
the steady-state Golden Rule of capital accumulation in an econaimyemdogenous lifetime is
lower than that of the standard Diamond’s [25] one. Blackburn and Qiip24] show in a model
with endogenous fertility and endogenous longevity and where individuals accuruiatn
capital through education, that two regimes of development can existfotheer being
characterised by low income, high fertility and a relatively lewgth of life, the latter by high
income, low fertility and a relatively high length of life. Theiodel accords with the empirical
evidence of the Demographic Transition.

The distinctive feature of the introduction of longevity in thed@diG model by Diamond [25]
is the treatment of saving of the deceased persons. Thekeogpelar cases, which obviously also
embody intermediate ones) perfect annuities markets, i.e., savings are fully annuitizédith
implies that old survivors will benefit not only from their own pastiisg plus interest, but also
from the saving plus interest of those who have deceased, and savimgeranediated through
mutual funds, which invest these savings and guarantee a return @@tésmined by the interest
factor (that prevails in the capital market) earned by the fundsomvestments divided by the

longevity rate, to the surviving old insured inhabitants of econoimynd annuities markets, as in

3
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Abel [26], i.e., savings of the deceased persons become actidemtaintentional bequestso
their progeny. While Chakraborty [1] assumes the former case, ipaper we focus on the latter
one. This implies a noteworthy feature that indeed deserves attetfiiodelayed levels of the
longevity rate also matter, because the dynamics of the econonharacterised by a two-
dimensional non-linear system instead of the one-dimensional systedesicabes the dynamics in
the model by Chakraborty [1].

The main object of the present paper, therefore, is tosagsesole that public investments in
health can play on economic growth and stability in an OLG a la Chakydhidrbut assuming
unintentional bequests rather than a market for annuities. While imadel by Chakraborty [1]
both the low and high steady state are always locally asymptotistahte with monotonic
trajectories, we show here that the existence of unintentional bedeaesed by the deceased
persons makes the financing of health care services responsibleexidtezce of non-monotonic
dynamics, Neimark-Sacker bifurcations and deterministic chaos.

The rest of the paper is organised as follows. Section 2npse¢be model. Section 3 analyses the

dynamics of the our two-dimensional economy. Section 4 concludes.

2. Themodd

2.1. Individuals

Consider a general equilibrium OLG closed economy populated by perfatitigal and identical
two-period lived individuals. Life is divided between youth and old agen(&amond [25]). The
former is a working time fixed with certainty, while the latiea retirement time whose length is

uncertain. Population is fixed and constar N uin every period. We assume that the typical agent

2 Other major bequest motives are altruism and exchange. Weikeis no consensus on which motive dominates (see,

e.g., Altonji et al. [27]), Hurd [28hrgues that bequests are largely accidental.
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in each generation is either dead or alive at the beginning ofttresment period with probability
1-n and 7, respectively. When she is young, the representative individual ofagemnet is

endowed with one unit of labour inelastically supplied to firms, wieiteiving the wagw, (used

for consumption and saving purposes). Moreover, the government collectsneage itaxes at the
constant ratt0< 7 <1 to finance a balanced-budget public health programme. Since agents do not
know when they will die, additional unintentional bequests may dctfuthe typical agent of

generationt dies at the onset of old age (with probabil-sz), his accumulated savings are

bequeathed in full to his heirs. To keep the representative agentdtionuftactable, the bequests
b, = (L~ 7)L+roa)s, (1)

where § is saving ancr%. the expected interest rate accrued from ttn® time t+1, are

assumed to be equally divided among all the young persons in every gerfefdtarefore, the

budget constraint of both the young and old of gener tti@ad, respectively, as:
¢, +§ =w(l-7)+h, (2.1)
Copran = (1+ r"m)st : (2.2)
where ¢, andc,,,, are young-age consumption and old-age consumption. Eq. (2.1) implies that

bequests are equally allocated across all members within a g@mera
By taking factor prices and bequests as given, the repregentadividual of generatiort
chooses how much to save out of her disposable income to maximisettheelmtility function
U, =In(e, )+ 72 In(c,..a), (3)

subject to Egs. (2). The first order conditions for an interior smiudf the problem are given by:

3 Note that, different from Chakraborty [1], our model is deveddpeassuming unintentional bequests without markets
for annuities.
* This means that the bequest dependent wealth distributiorifism, as in Hubbard and Judd [29]. This assumption

allows us to conduct a representative agent analysis tdispigifocus on the effects of changes in longevity.
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c
Guagl gy (4.1)
Cio 7%

Eq. (4.1) equates the marginal rate of substitution between consamten young and when old
to the interest factor determined on the capital market. Frar(dE]q it is clear that in an economy
with accidental bequests, individuals take into account the effetdaggvity on the inter-temporal
substitution between consumption when young and when old, that is they takedotmtathe
social benefit of an increase in individual longevity. In particudarjncrease in longevity makes
convenient to postpone consumption in the future. This represents a ffestrdie between an
economy with accidental bequests and an economy with perfect anmatikst. Indeed, in the
latter case, each individual does take into account the (sbaabfits of an increase in public
healthcare investments on (individual) health and longevity.
Combining Egs. (2.1), (2.2) and (4), we obtain the saving funasidallows:

nt
1+

s =——[w(-7)+n] 4.2)

wherebh is determined by the one-period backward Eq. (1).

2.2. Firms

Identical firms act competitively on the market. thhe t, the homogeneous outrY;:is produced

by combining capital K,) and labour L, = N in equilibrium) through the constant returns talec

Cobb-Douglas technology, = AK L', where A>0 is a scale parameter al0<a <1 the

output elasticity of capital. Since capital totatlgpreciates at the end of each period and owput i
sold at unit price, profit maximisation implies tHactor inputs are paid their marginal products,

that is:

r=aAk’ -1, (5)
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w, = (1-a)AK?, (6)

wherek, := K,/ N is the per young stock of capital.

2.3. The public health system and endogenoushieti

We follow Chakraborty [1] and assume that at ttnieealth investments per young persh),are
financed at a balanced budget with labour incommestdevied by the government at the (constant)
rate0<r <1, that is:
h=rw, (7)
the right-hand side being the tax receipt.
Moreover, the survival probability at the erfdyouth of an individual born ¢t, 7%, is assumed

to positively depend on the individual health statwhich is in turn augmented by health

investmentsh , so that7% =7{h). Following Blackburn and Cipriani [24] and de lao& and

Ponthiére [22], we specialise this relationshightite following S-shaped function:

m= )= ®

where 0.4>0 0<7<1 7 (h)>0, lim, . 7(h)=7<1 7,(h)<0 jf d<1 ang ﬁh(h)zo for

1
- 3 ~
any hzhT = {(ﬁ—SJ if 0>1, The paramete’! captures the intensity of the efficiency of

health investments on longevity. A rise ) may be interpreted as exogenous medical advances.

The parameterd and A determine both the turning point 77?1(h) and speed of convergence of
the rate of longevity up to the saturating ve 77 eln particular,0 measures how an additional unit
of health capital is transformed into higher lorigethrough the health technology. d<1, 7{h)

Is concave for an'h and, hence, no threshold effects exist so thajdwity increases less than
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proportionally from zero up t/7 as h rises. If d>1 the longevity function is S-shaped and
threshold effects exist: i.e., longevity increasesre (less) than proportionally before (after) the
thresholdh. . This means that the more threshold effects aem&e (high values (J), the slower
an additional unit of health capital is transfornetd a higher life span wheh is relatively low,
while reaching the saturating val 7z more efficiently and rapidly eh becomes larger (see, e.qg.,
Martikainen et al. [30] and Fioroni [31] for emmial evidence). In this casd measures the

intensity of threshold effects of the accumulateshltih capital as an inducement to higher

longevity.

2.4. Equilibrium in an economy with accidental besfis

Given the government budget Eq. (7), equilibriuen ¢apital market can be written as:
K=, ©)
Combining Egs. (9), (4.2), the one-period bamldrvEgs. (1) and (9), equilibrium implies:

nt
1+

Ko = w1-7)+ (- 7)0+r k], (10

which is independent of expectations about futaoedr prices.
Now, using the equilibrium conditions in thetlar markets Eqgs (5) and (6), and knowing that

through Eqgs. (6)-(8) the longevity function canex@ressed a’% = ”(K) the dynamics of capital

is described by the following second order nonlirdeierence equation:

=2k - ko) ala- D, an
or, alternatively
_ Az (r)AKT) 1+ (1- )z, (0 )k, "
e e o L e 1)
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where z(r)=24[r(1-a)AP >0 and z,(r)=[1-a)1-7)>0. Fixed points of the system

characterised by Eq. (12) are determine K., =k =k = k. Indeed, they are represented by the

roots of the following function:

i (E) . ﬁZl(T)AEa(HJ) (T) N a1+ (1— ﬁ)zi(r)lzaa} —k=0 . (12)

L+ A7k 1+ )k
In the next section we study the existence thedstability properties of the fixed points of the

time map Eq. (12).
3. Existence and local stability of the fixed points

We now discuss existence and stability of both 26 and positive steady states of Eq. (12),
starting from the analysis (k=0. The gualitative results of the model are différé@epending on

the mutual relationship between the parameZ_rand 9 . Moreover, a crucial role of the health tax
rate” on (local) stability is established (see Sectid).3

From Eq. (12’) the following proposition holds.
Proposition 1. k =0 is a fixed point of the system described by E2). (
Proof. The proof is obvious from Eg. (12).E.D.
In order to study the local stability propestif the fixed points, starting from the cik =0, we

transform the system of a single second order réifiee equation (12) into a system of two first

order difference equations (see Azariadis [32] @ndndmont et al. [33]). Lex =k _, be a new

supporting variable. Then Eg. (12) can be written a
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_ A (r)Ak) 1+ (1- A)z, ()%
Kiis = 1+ (L+ 250k {22(7) ta 1+ 7, (1)x " _
X = K

(13)

Local stability of the fixed points is studieg means of the linear approximation given by the

Jacobian matrix of partial derivative J Y evaluated ¢k , which for the system (15) is:

0Ky 0K
(I I _| ok ox
ok, 0x

where all derivatives are evaluated at the stetadyg k and

(i)t O et A=A
e P e 120 e 70

P21 (0.0 Sk A
C ez (k] Qe @ Az (oke] (16)

The trace and determinant of (14) tr(3)=J, >0 anddefJ)=-J, >0 respectively, so that the

characteristic polynomial is:

F(A):Az —tr(J)A +det(J), (17)
whose discriminanD :=[tr(3)]? —4defJ) can either be positive or negative. Therefore, em
eigenvalues can exist and a fixed point may beoderi As is known, bifurcation theory describes
the way the topological features of the systemh{sag the number of stationary points or their

stability) vary as parameter values changes. Bystem in two dimensions, the stability conditions

ensuring that both eigenvalues remain within thieaircle’ are:

® If no eigenvalues of the linearised system around the fixedspoirat first order discrete system lie on the unit circle
then such points are defindg/perbolic Roughly speaking, at non-hyperbolic points topological features are not

structurally stable.

10
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(i) F=1+tr(3)+defd)>0
(i) TC:=1-tr(J)+defd)>0. (18)
(i) H:=1-defd)>0

The violation of any single inequality in (18)ith the other two being simultaneously fulfilled
leads to: i) a flip bifurcation (a real eigenvalue that passeeugh-1) when F =0; (ii) a fold or
transcritical bifurcation (a real eigenvalue thasges throught1) whenTC =0; (iii) a Neimark-

Sacker bifurcation (i.e., the modulus of a compégyenvalue pair that passes throughwhen
H =0, namelyde{J) =1 andftr(J) < 2.

As regards the stability properties of the zsgailibrium, we have the following proposition.

Proposition 2. (1) Let O<a<1/(1+J) hold. Then, k=0 is locally unstable. (2) Let

1/(1+ 8)< a <1 hold. Thenk =0 is locally asymptotically stable.

Proof. If 0<a <1/(1+3), then from (15), (16) and (18) evaluatedk =0 we find that either
1-defJ)=-o <0 or 1-tr(J)+defJ) = ~o <0 holds depending on whetr0<a <1/(1+23) or
1/(1+20)<a <1(1+3), respectively. This proves Point 1 of Propositinif 1/(1+3)<a <1,
then from (15), (16) and (18) evaluated k=0 we get tr(J)=0 and de{J)=0. Then
1+tr(J)+defJ)=1>0, 1-tr(J)+defJ)=1>0 ang 1-defJ)=1>0_ This proves Point 2 of

Proposition 2Q.E.D.

As Proposition 2 shows, the zero equilibrium of thamamic system described by Eq. (12) can
either be stable or unstable depending on theivelatze of the output elasticity of capital. The

existence (and the stability properties) eitheraoingle positive fixed point or multiplicity of

positive fixed points strictly depends on whet k =0 is stable or unstable. In particular, below we

show through numerical simulations that the follogvresults generically hold.

11
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Result 1. If O<a<1/(1+ 5), then the dynamic system described by Eq. (12)tadmo steady

states{ 0, IZ}, where0<k , the former being locally unstable and the lattseally asymptotically

stable.

Result 2. If 1/(1+ )< a <1, then the dynamic system described by Eq. (12)ts@ither the stable
zero steady state only (if the technological sqadeameter A in the Cobb-Douglas production
function is fairly low), or three steady stai{ O,I?i,lzz} (if A is fairly high), where0<k, <k,, the
first is locally asymptotically stable, the secorsda saddle point and third may be locally

asymptotically stable or unstable.

Result 3. If 1/(1+d)<a <1 and J >1, then the dynamics (around the highest steadg k,3tcan

be non-monotonic. Moreover, depending on the sizthe health tax rater , Neimark-Sacker

bifurcations and deterministic chaos can occur.

Moreover, the following proposition holds:

Proposition 3. A flip bifurcation can never appear.

Proof. The proof is obvious as the sign of both thedrand determinant ¢J, evaluated at the

steady sta’k , aretr(J)>0 anddef{J)>0. Therefore1+tr(J)+defJ) >0 always holdsQ.E.D.

3.1. Stability of positive steady states and bétions

3.1.1. CastO< a <1/(1+9)

12
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In this case the position of the eigenvalues of Xheobian matri>J relative to the unit circle,

evaluated at the unique positive steady <k teare smaller than unity and the three conditions

stated in (18) are fulfille8.

3.1.2. Casil/(1+d)<a <1

In this case the position of the eigenvalues ofntiagrix J relative to the unit circle is unclear, and

the positive steady sta k, can either be stable or unstable. Since the tboeelitions in (18)
cannot easily be treated in a neat analytical farinen they are evaluated at the positive steady
states k, and k,, then in order to illustrate Results 2 and 3 abowe resort to numerical
simulations to show that Neimark-Sacker bifurcagi@nd deterministic chaos can occur when
threshold effects of health investments on longesiist. For doing this, we choose the following
configurations of parametersi= 099, A=1, § =20, a =04 (which may be considered as an
average value between the values of the outputi@tasof capital in developed and developing
countries, which, according to, e.g., Kraay and @& [15], are a =033 and a =05,
respectively) and A= 45. Figures 1 represents the bifurcation diagram r owith respect to the

steady state values of the variak e

® This case in uninteresting from a dynamical point of view and tleudoanot present numerical examples (which are
of course available upon request) in such a case.

" See Gollin [34] and Kehoe and Perri [35] for estimates emtiput elasticity of capital in developed countries.

13
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Figure 1. Bifurcation diagram for (k, = x, =1): an enlarged view fc0.473<7 < 077 and

01<k<09.

Figure 1 clearly reveals that a double Neimark-8adkfurcation exists when the health tax rate
varies. In  fact, when 7=04945 e get 1+tr(J)+de(J)=29613>0
1-tr(J)+defJ)=10403>0, 1-defJ)=0 ang tr(J)=09604, Moreover, a second Neimark-
Sacker bifurcation occurs when 7 =0.6859, corresponding to which
1+tr(J)+defJ)=27186>0 1-tr(3)+defd)=1.2827>0 1-defJ)=0 gngtr(3)=0.7179,
Simulations (not reported in the paper for @op of space) reveal that whid =1 (i.e. no

threshold effects of health investments on longegxist), Results 1 and 2 resembles Point (i) of

Proposition 1 by Chakraborty [1, p. 126] in a mod#h a perfect market for annuities. This means

14
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that there exist:i) one locally asymptotically stable steady state i@ Diamond [25]) when

0<a<1/2, and (i) two locally asymptotically stable steady ste{O, Ez} whenl/2<a<1.2
If we slightly change the initial conditionsom k,=x,=1 to k,=X,=0.2, Figures 2

(bifurcation diagram) and 3 (the largest Lyapungpament plotted against the paramer Jrreveal

that deterministic chaos occur.

0575
0,550
0525
0,500
0475
0,450
0,425
0,400
0,375
0,350
0,325
E 0,300
0275
0,250
0,225
0,200

0,175

0,150

0,125
0,100
0,075
0,050

0,025

0,000
o 0,69 0,70 0,71 072 073 0,74 0,78 0,76 0,77

Figure 2. Bifurcation diagram for (k, = x, = 0.2): an enlarged view fc 068< 7 < 077 and

0<k <06.

& It should be noted that whel/(l"‘ 5)< a <1 and O >1 poth the low and high steady states in the model by

Chakraborty [1] are always locally asymptotically stable witinatonic trajectories.
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r

Figure 3. Largest Lyapunov exponent plotted against tharpateir .

3.2. Sketch of Global Analysis

When two locally stable attractors coexist, trapeieils may converge to one or the other, depending
on the initial conditions. In our model, when tlendition given in Result 2 holds, a low and a high
valued attractors coexist and it becomes impot@amdentify their basins of attraction (that iseth
set of initial conditions leading to one attractwr to the other one). The study of the basins
configurations is callegjlobal analysisand differs from the local analysis because itsdnet
consider the linearization of the map around adstestate, while considering the map in its original
nonlinear formulation. Global analysis is a mixhyf analytical and numerical tools. This study is
quite important because, especially in discretetisystems, it is not always true that initial
conditions closer to one attractor characterigedtaries leading towards it. In our case this nsean
that we are not sure that when two locally stabii@etors coexist, high (resp. low) initial valugfs

the variables lead to convergence towards the Wadred (resp. low valued) attractor is. In fact,
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basins of attractions can be characterized either dmple or a complicated structure. In partigula
they can beonnectedthat is only made up by a compact subset of tes@ space containing the
attractor itself) ordisconnectedthat is made up by the union of the subset dfainconditions
around the attractor, calle@hmediate basinand by its disconnected preimages).

Given the complexity of our map, it is not gbss to analytically detect global bifurcation
values. It is still possible to produce some corapassisted proofs by running some simulations.
Let us consider now a parameters configurationimgatb coexistence between two locally stable

attractors (Figure 4.a). This means that the camdigiven in Result 2 is fulfilled. In this case,

besides the locally stable steady s{O}‘ and the saddle poi{l?i}, there exists a locally attractive

closed invariant curve originated from the Neim&adeker bifurcation of the steady st‘{ IZZ}. In

Figure 4.a the two basins of attraction are denbtedifferent colours. They are separated by the
stable manifold of the saddle point and they areneoted. If we increase the value 7 f for
instance, we can see that the configuration ob#sins changes drastically, becoming disconnected
(Figure 4.b). In such a case, even starting fratralrconditions closer to the closed invariantwair
(like A and B) trajectories converge towards the origin. In Fggd.c we can see, with a larger
scale, the value of the health tax rate at whighdlobal bifurcation occurs. Initially, the bash
attraction of the origin in made by the immediassih H and by its preimages of rank 1, 2 and 3
(H™, H? and H®, respectively). Then, by increasing the valuehef lhealth tax rate, the region
H and its preimages grow until they merge originates structure of Figure 4.b (see Mira et al.
[36, 37]). We leave for a more technical paperdbeper analysis of this global bifurcation. For
now we only underscore that whenever two localbblet attractors coexist it is not obvious to

which a generic trajectory converges, even stastarg close to one of them.

17
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0 k 12
(c)
Figure 4. Basin of attraction of the steady st{O} (in pink) and of the closed invariant curve

around{l?z}. The parameters kept fixed ¢ A= 535, a =05, =6, A= 09 and. The health tax

rater is 0.7815 in (a), 0.8 in (b) and 0.7817 in (c).

4. Conclusions

We studied the dynamical and stability propertita general equilibrium overlapping generations

economy with public health investments that affénet lifetime of people. We showed that the
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existence of unintentional bequests, rather tharagket for annuities, makes the dynamics of the
economy be characterised by a two-dimensional elisanon-linear system. This introduces the
possible existence of non-monotonic dynamics, NekpSacker bifurcation and deterministic chaos

when the health tax rate changes and thresholdigié health investments on longevity exist.
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